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ABSTRACT 

Inspired by the work of Izakhian and Rhodes, a theory of representation of hered- 
itary collections by boolean matrices is developed. This corresponds to represen- 
tation by finite V-generated lattices. The lattice of flats, defined for hereditary 
collections, lattices and matrices, plays a central role in the theory. The represen- 
tations constitute a lattice and the minimal and strictly join irreducible elements 
are studied, as well as various closure operators. 
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1 Introduction 

The background and prehistory for this paper goes something like the following. In 2006 
Zur Izakhian [8] defined the notion of independence for columns (rows) of a matrix with 
coefficients in a supertropical semiring. Restricting this concept to the superboolean semir- 
ing SB (see Subsection 2.2), and then to the subset of boolean matrices (equals matrices 
with coefficients and 1), we obtain the notion of independence of columns (rows) of a 
boolean matrix. This notion has several equivalent formulations (see Subsection 2.2 of this 
paper and references there), one involving permanent, another being the following: if M is 
an m X n boolean matrix, then a subset J of columns of M is independent if and only if 
there exists a subset / of rows of M with |/| = | J| = A; and the k x k submatrix M[I, J] 
can be put into upper triangular form (I's on the diagonal, O's strictly above it, and O's or 
I's below it) by independently permuting the rows and columns of M[I, J]. 

This is the notion of independence for columns of a boolean matrix we will use in this 
paper. In 2008 the first author suggested that this idea would have application in many 
branches of Mathematics and especially in Combinatorial Mathematics. In this paper we 
apply it to hereditary collections (also known as abstract simplicial complexes). For other 
applications of this notion to lattices, posets and matroids by Izhakian and the first author, 
see [9, 10, 11]. For applications to finite graphs by the present authors, see [16]. 

If M is an m X n boolean matrix with column space C, then the set Ti of independent 
subsets of C satisfies the following axioms (see [9, 10]): 

(H) T-L is nonempty and closed under taking subsets (making it a hereditary collection); 
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(PR) for all nonempty J, {p} G there exists some x G J such that (J \ {x}) U {p} G % 
(the point replacement property) . 

Hereditary collections arising from some boolean matrix M as above are said to be boolean 
representable. The elementary properties of such boolean representable collections were 
considered in [9, 10, 11] and it was shown in [10] that all matroids have boolean represen- 
tations. 

We describe now the structure and contents of this paper. 

In Section 2, we present the basic results we need to deal with lattices, superboolean 
matrices and hereditary collections. Note that all lattices are finite in this paper, but many 
results admit extensions to arbitrary lattices. 

In Section 3, we establish a bijection between boolean matrices and V-generated lattices. 
Moving the idea of c-independent columns of a boolean matrix, via the bijection, over to 
lattices, we obtain the new idea (to us) that X C L {L a finite lattice) is c-independent if 
and only if there exists an ordering X = {xi, . . . ,Xk} {\X\ = k) such that 

B < xi < {xiV X2) < . . . < {xiV . . .V Xk). 

Given an m x boolean matrix M, FIM is the closure under all intersections of those 
subsets of E where the rows of M are zero. Equivalently, for a V-generated lattice (L, E) 
and assuming that the bottom element B is not in E, we have Fl (L, E) = {£4, ^^E | ^ G L}. 

As mentioned before, we intend to consider hereditary collections {E, H) given by a 
boolean matrix M of size n x \E\. Equivalently, {E,H) can be described through a finite 
lattice (L, E), V-generated by E, with H being the set of c-independent subsets of L C 2^. 

First properties of c-independencc are proved in Section 4, where the key result is Propo- 
sition 4.2. Thus we can consider {E, H) having boolean representations, or equivalently, 
lattice representations, in their own right. By the main theorem of [10], this includes all 
matroids. 

A central thesis or viewpoint is that, perhaps, boolean representations should replace 
matroids as the main object of study in present day matroid theory. More on this at the 
end of this Introduction. 

In the central Section 5, we start by introducing the concept of flat (or closed set) of an 
arbitrary hereditary collection [E, H) and the lattice Fl {E, H). This is done by generalizing 
one of the formulae in matroid theory (they are not all equivalent in the general case, see 
(8) and the paragraph following it). Then {E,H) is boolean representable if and only 
if, considering the transversals of the partition of successive differences for some chain of 
Fl{E,H), equals H. See Proposition 4.2 and Section 5. 

In Section 6 we use V-maps to define a natural ordering on all boolean (or lattice) rep- 
resentations of a boolean representable {E,H). This leads to considering minimal boolean 
representations of {E,H), and also to the V operator which corresponds to "stacking" the 
matrices of the boolean representations. 

Even for matroids, the minimal representation is a new idea (to us) and it is important 
to get all the minimal and sji (strictly join irreducible) representations in the classical case. 

The connections between {E, H) and its lattice representations exist at all levels. In 
Section 7 we relate the closure operator induced by a hereditary collection with the closure 
operator induced by each of its representations. 
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In Section 8 wc do a few examples. This includes computing all the minimal and sji 
representations of the Fano matroid (E, H) defined by taking E = {1, . . . , 7} and H equal 
to all subsets of E with at most 3 elements except 125, 137, 146, 236, 247, 345, 567. 

Given integers 2 < a < 6, let Ua,b = {E, H) be the uniform (simple) matroid defined 
hy E = {1, . . . ,h} and H = {X C E : \X\ < a}. We also compute all the minimal and sji 
representations of C/3 5 for 6 > 5. 

Several other aspects of the theory, intersting enough but not required for the central 
core of results, are gathered in Sections 9 and 10. j 

To end this Introduction, we would like to outline why, perhaps, boolean representable 
hereditary collections should replace matroids. 

1. All matroids have boolean representations (first proved in [10], an alternative proof 
is supplied here in Theorem 7.6). The proof follows easily by using the lattice of 
flats of the matroid, but also smaller lattices can, in general, provide representations. 
Calculating the minimal lattices representing the matroid is a new important question 
for matroid theory. Also all the representations of a matroid are endowed with an 
operation of join through stacking, so a representation theory (a la ring theory) begins. 
Thus the boolean representation theory, even for matroids, is much richer than the 
field matrix representation theory of matroids. 

2. The classical matroid closure operator extends to boolean representable hereditary 
collections (see Section 5). 

3. Strong maps are replaced by V-maps. 

4. Importantly, a geometry, like for matroids, is attached to a boolean representable 
{E,H), see Subsection 10.3. Thus boolean representable hereditary collections are 
"not too far" from matroids, since geometry controls both. 

5. The Tutte idea that "theorems for graphs can be extended to matroids" can be ex- 
tended to boolean representable hereditary collections. 

6. Applications: in near future papers, we plan to consider Coxeter matroids and Bruhat 
orders [1, 12, 15]. The methods here provide a missing ingredient in [1], namely the 
definition of boolean representable. See future papers. 

2 Preliminaries 
2.1 Lattices 

A poset (P, <) is called a lattice if, for all p,q e P, there exist 

{py q) = min{x ^ P \ x >p,q}, 
{p f\q) = max{x & P \ x < p, q\. 

For the various aspects of lattice theory, the reader is referred to [5, 6, 17]. 

If only the first (respectively the second) of the above conditions is satisfied, we talk 

of a y - semilattice (respectively A-semilattice). We assume also that every V-semilattice 
(respectively A-semilattice) has a minimum (respectively maximum) element. 
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All the lattices in this paper are finite, and we just write L instead of (L, <) most of 
the time. If L is a finite lattice, it is immediate that L has a maximum (or top) element, 
which we denote by T, and a minimum (or bottom) element, which we denote by B. 

We say that £' C L is a M-generating set of L if L = {MX \ X (Z E}. Note that, 
whenever convenient, we may assume that B ^ E since B = V0. Following [17, Chapters 
6,8,9], we say that tp : L ^ L' \s a. V-map if {\/X)ip = \/{X(p) for every X C. E. We denote 
by FL the category of finite lattices together with V-maps. 

We define also the category FLg by taking objects of the form {L,E), where L G FL 
and E C L \ {B} is a V-generating set of L. The arrows (p : {L, E) {L', E') are V-maps 
satisfying Eip <Z E' {J {B}. 

We recall that an element x of a finite lattice L is said to be strictly meet irreducible 
(smi) li X = {y /\z) implies y = x ov z = x. This is equivalent to saying that x is covered by 
at most one element of L. Similarly, x is strictly join irreducible (sji) if x = (j/ V z) implies 
y = X OT z = x. This is equivalent to saying that x covers at most one element of L. See 
[11, Subsection 3.3] for further details. It is immediate that the sji elements of L constitute 
the (unique) minimum V-generating set of L. 

In the well-known boolean semiringM = {0, 1} , addition and multiplication are described 
respectively by 
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We denote by A1„(B) the set of all n x n matrices with entries in B. The standard 
boolean matrix representation of a poset (P, <) is a (P x P)-matrix S{P) defined by 

^ ^^'^ \0 otherwise 

for all x,y e P. If (L, E) G FLg, then we denote by 5(L, E) the restriction of S{L) to ExL. 
For reasons which will become clear later, we prefer the alternative matrix representation 

M{L,E) = {{S{L,E))'')\ where Ar (for a boolean matrix M) denotes M with and 1 
interchanged, and M* is just the transposed matrix of M. Thus, for all £ G L and e & E, 
we have 

M(L, E)e^e = 0^6 <e. 

Note that {S{P, <))* = S{P, >) for every poset (P, <). Moreover, {M")* = {M^f for every 
boolean matrix M. 

The following result collects some of the properties of the boolean matrices M(L,E). 
We shall see later that these properties characterize actually all such matrices. 

Proposition 2.1 Let {L,E) e FLg and let M = M{L,E). Then: 
(i) the rows of M are all distinct; 
(a) the columns of M are all distinct; 
(Hi) M contains a row with all entries equal to 0; 
(iv) M contains a row with all entries equal to 1; 
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(v) the rows of M are closed under addition in H'^L 

Proof, (i) Write M = (m^e)- Since i = V{e £ E \ e < i} = V{e G E \ m^^e = 0} for every 
£ e L, the rows of M are all distinct, 
(ii) and (iii) Immediate. 

(iv) Since B ^ E, we have mo,e = 1 for every e € E. 

(v) Let k,£ G L. It suffices to show that m^/x^^e = ^k,e + ^e,e hi B for every e E E. This 
follows from the equivalence 

mkAi,e = 0<^e<kAi<^{e<k and e < i) <^ (rrik^e = and m^^e = 0) 

□ 

2.2 Superboolean matrices 

Following [9, 10, 11], we may view boolean matrices as matrices over the superboolean 
semiring SB = {0, 1, 1^}, where addition and multiplication are described respectively by 
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We denote by A^„(SB) the set of all n x n matrices with entries in SB. Note that A^„(B) 
is not a subsemiring of A^n(SB) since 1 + 1 = 1"^. 

Next we present definitions of independency and rank appropriate in the context of 
superboolean matrices, introduced in [8] (see also [9]). 

We say that vectors Ci, . . . , Cm G SB" are dependent if AiCi + . . . \mCm G {0, V} for 
some Ai, . . . , Xm £ {0, 1} not all zero. Otherwise, they are said to be independent. 

Let Sn denote the symmetric group on h = {1, . . . ,n}. The permanent of a matrix 
M = (rriij) G Aln(SB) (a positive version of the determinant) is defined by 

n 

PerM = X] n 

Recall that addition and multiplication take place in the semiring SB defined above. 

Given I,JC.h, we denote by M[I, J] the submatrix of M with entries ruij {i & I,j G J). 
In particular, M[h,j] denotes the jth column vector of M for each j G n. 

Proposition 2.2 [8, Th. 2.10], [9, Lemma 3.2] The following conditions are equivalent for 
every M G Aln(SB).- 

(i) the column vectors M[fi, 1], . . . , M[n, n] are independent; 

(ii) PerM = 1; 



6 



(in) M can be transformed into some lower triangular matrix of the form 



/I . 


■ ^\ 


? 1 . 
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? ? 1 . 
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? ? . 


• 1/ 



by permuting rows and permuting columns independently. 

A square matrix satisfying the above (equivalent) conditions is said to be nonsingular. 
Given (equipotent) I, J C. h, we say that / is a witness for J in M if M[I, J] is nonsin- 
gular. 

Proposition 2.3 [8, Th. 3.11] The following conditions are equivalent for every m x n 
superboolean matrix M and every J C. n: 

(i) the column vectors M[h,j\ {j G J) are independent; 
(a) J has a witness in M. 

Proposition 2.4 [8, Th. 3.11] The following are equal for a given m x n superboolean 
matrix M : 

(i) the maximum number of independent column vectors in M; 
(a) the maximum number of independent row vectors in M; 
( Hi ) the maximum size of a subset J C. h having a witness in M; 

(iv) the maximum size of a nonsingular submatrix of M . 

The rank of a superboolean matrix M, denoted by rk M, is the number described above. 
A row of M with n entries is called an n-marker if it has one entry 1 and all the remaining 
entries are 0. The following remark follows from Proposition 2.2: 

Corollary 2.5 [9, Cor. 3.4] If M e A1„(SB) is nonsingular, then it has an n-marker. 
2.3 Hereditary collections 

Let E he a set and let H C 2^. Wc say that {E,H) is a hereditary collection if H is 
nonempty and closed under taking subsets. Hereditary collections are also known as (ab- 
stract) simplicial complexes (see [13, 18]). 

We say that X <Z E is independent ii X G H. A maximal independent subset of E 
is called a basis. Given k G IN, we call X C. E a k-subset of E if \X\ = k. we write 
PkiE) = {X C E : \X\ < k}. 

The hereditary collection {E, H) is said to be a matroid if the following condition (the 
exchange property) holds: 

(EP) For all I,JeH with |/| = | J| -|- 1, there exists some ie I\J such that J U {z} e H. 

Note that this implies that all basis in a matroid have the same size. 

There are many other equivalent definitions of matroid. For details, the reader is referred 
to [13]. 
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3 Matrices versus lattices 



We establish in this section correspondences between boolean matrices and V-generated 
lattices, adapting results from [10]. 

Let be a finite set. Given Z C 2^, it is easy to see that 

z = {r\S\S(^z] 

is the A-subsemilattice of (2^, C) generated by Z. Note that = minZ, and also E = 
n0 = maxZ. In fact, {Z, C) is itself a lattice with the determined join 

{P\JQ) = n{X € Z I P U Q C X}. 

However, {Z, C) is not in general a sublattice of (2^, C) since the determined join P y Q 
(in {Z, C)) needs not to coincide with PU Q (sec [5, 17]). 

Let M = {niij) be an m x n boolean matrix and let £' = n denote the set of columns of M. 
We may assume that all the rows of M are distinct. For i e rh, write Zi = {j e h \ rriij = 0} 
and define 

Z(M) = {Zi,...,Z^} C2^. 

The lattice of flats of M is then the lattice FIM = {Z{M), C) (with the determined join). 

Now assume that M has no zero columns. This is equivalent to saying that G FIM. 
For J G n, define also Yj = r\{Zi \ ruij = 0} and let 

y{M) = {Yi,...,Yn}CF\M. 

Note that Yj = f\{Zi \ j G Zi} and so j G Yj for every j. 

Lemma 3.1 Let M = (m^j) be an m x n boolean matrix without zero columns. Then 
(F\M,y{M)) G FLg. 

Proof. First note that Yj can never be the bottom element since j eYj. Hence it suffices 
to show that 

Zi^n...nZi^ = v{Yj \jeZi^n...n Zij. (2) 

holds for alHi, . . . , ifc G m. 

Indeed, take j G Zi^ H . . . fl Zii_ . On the one hand, we have rui^j = . . . = rui^j = and 

so c n . . . n Zi^. Thus y{Yj \ j e Zi^n ...n Zij c Zi^n ...n z^^. 

On the other hand, since j G Yj for every _7, we get 

n . . . n c u{Yj I j G n . . . n ZiJ c y{Yj | j g Zi, n . . . n ZiJ 

and so (2) holds as required. □ 

Hence M (Fl M, 3^(M)) defines an operator from the set of boolean matrices without 
zero columns into FLg. 

We can relate this operator with the matrix representation defined in Subsection 2.1. 
Given a lattice L and £ G L, let l\,= {x G L | a; < £}. We start with the following remark: 

Lemma 3.2 Let (L, E) G FLg and let M = M{L, E) = (m^e)- Then Z^ = i], HE for every 
£eL. 



Proof. Indeed, 



Zi = {e e E \ mee = 0} = {e e E \ e < £} = ei nE. 

□ 

Next we establish that the lattice of flats of the matrix representation of a lattice gives 
back the original lattice: 

Proposition 3.3 Let {L,E) G FLg and let M = M{L,E) = (m^e)- Then (Fl M,y{M)) ^ 
{L,E). 

Proof. Let <p : L — >■ FIM be defined by i(p = Z^. Since E is a V-generating set of L, it 
follows from Lemma 3.2 that 

Zk^ Ze^k <i (3) 

holds for all k,£ G L. Thus ip is a posct embedding. On the other hand, e < {k A i) ii and 
only if e < fc and e < £, hence Z^n Z£ = Z^Ae for all k,£ e L. This immediately generalizes 
to 

Zi,n...nZe^ = z^,a...a^„ (4) 

for all £i, . . . , ^„ G L, hence (p is surjective. Thus (p is an isomorphism of posets and therefore 
of lattices. 

It remains to show that y{M) = {Z^ \ e G E}. It suffices to prove that = Z^ for 
every e e E. Indeed, 

Ye = n{Ze I mee = 0} = n{Ze \e<i} = Ze 

and we are done. □ 

We shall refer to Fl (L, E) = Fl M{L, E) as the lattice of flats of (L, E) G FLg. 

Given matrices M and M', we say that M and M' are congruent and write M = M' if 
M' can be obtained from M by permuting rows and permuting columns (independently!). 
Given a boolean matrix M without zero columns, we write M'^ = M(FlM,y{M)). In 
view of Proposition 2.1, it is not true that M"^ = M in general. However, we can get a 
correspondence by focusing our attention on the set Ai of all boolean matrices satisfying 
conditions (i)-(v) of Proposition 2.1: 

Proposition 3.4 Let M e M. Then ^ M. 

Proof. Assume that M = {iriij) is an m x n matrix in M. Since M satisfies conditions 

(iii) and (v) of Proposition 2.1, we have FIM = {Zi, . . . , Zm}- Since M satisfies condition 
(i) of Proposition 2.1, these elements arc all distinct. Note that, since M satisfies condition 

(iv) of Proposition 2.1, has no zero columns and so (FlM,y(M)) G FLg by Lemma 3.1. 
Therefore M" = {m'^^Yj) ^^^"^ ^ boolean matrix with m rows. To complete the proof, 

it suffices to show that m'^.Y. = fUij for all i G m and j G n. In view of condition (ii) of 
Proposition 2.1, is then an m x n matrix in M and wc shall be done. 

Indeed, JTi'^.y. = if and only if Yj Q Zi. Since j &Yj, this implies j & Zi. Conversely, 
j G Zi implies Yj C Z^ and so 

"^ky, = -^Yj (Z Zi 4^ j e Zi 4^ rriij = 0. 

Therefore m'^.y. = niij and so M"" = M. □ 
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Now it is easy to establish a correspondence between the set FLg/ = of isomorphism 
classes of FLg and the set M.l= of congruence classes of 7W : 

Corollary 3.5 The mappings M FLg: M ^ (F1M,3^(M)) and FLg M : {L, E) 

M(L,E) induce mutually inverse bijections between Ai/= and FLg/ = . 

Proof. It follows easily from the definitions that the above operators induce mappings 
between M./= and FLg/=. These mappings are mutually inverse by Propositions 3.3 and 
3.4. □ 

Example 3.6 Let M be the matrix 

1 1 1\ 
10 11 
1 1 0/ 

Omitting brackets and commas, and identifying the elements Yi,...,Y^ ofy{M), the lattice 
of flats Fl M can be represented as 



12345 = Yi 




2 = Y2 3 = 4 = y4 




Finally, is the matrix 

/I 1 1\ 
10 11 
110 
10 111 
110 11 
1110 1 


Vi 1 1 1 1/ 

The above example illustrates a simple remark: if all the columns of M are distinct and 
nonzero, if all its rows are distinct, then M'^ can be obtained from M by adding a zero row 
and any new rows obtained by adding the rows of M in HI^L 



4 c- independence and subset closure 

From now on, if we mention a lattice L without specifying a V-generating set E, it is 

assumed that E = L \ {B}. Wc also assume that B ^ T in L. Its height, denoted by ht L, 
is the maximum length of a chain in C. In view of the matrix representation M{L), we 
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say that £i,. . . ,ik G L are c-independent if the the column vectors of M{L) corresponding 
to . ,ik are independent (over SB). Note that, if {L,E) G FLg and X C E, this is 
equivalent to saying that the column vectors of M{L, E) defined by the elements of X are 
independent (over SB). 

The next result generalizes Theorem 3.6 of [10]: 

Proposition 4.1 Let {L,E) G FLg. Then ik M{L,E) = rkM(L) = htL. 

Proof. The second equality follows from [10, Theorem 3.6] because the omitted column 
corresponding to contains only zeros and is therefore irrelevant to the computation of the 
c-rank. 

Since M{L,E) is a submatrix of M{L), we have TkM{L,E) < rkM(L). To prove the 
opposite inequality, it suffices to show that 

{xV y}U Z c-independent ^ {x} U Z or {y} U Z c-independent. (5) 

Indeed, if (5) holds, we can start with a c-independent subset {ii, . . . of L and by 
successive application of (5) replace it by a c-independent subset of E with the same number 
of elements. 

Assume that {x y, zi, . . . , Zk} is c-independent. By Proposition 2.3, and permuting 
columns and rows if necessary, we may assume that M{L) has a submatrix of the form 
(1), where the columns correspond to zi, . . . , Zj, a; V y, -Zj+i, . . . , (j G {0, . . . , fc}) and the 
rows correspond to £i, . . . , ij+i, . . . , ^fc. Hence {xM y) < £i,. . . , ij and (x V y) ^ i. It 
follows that x ^ i or y ^ £. On the other hand, we get x,y < {xM y) < ii, ■ ■ ■ ,ij and so 
£i, . . . ,£j,i, ij+i, . . . , ^A: is a witness for at least one of the sets {x, zi, . . . , Zk}, {y, zi, . . . , Zk}- 
Therefore (5) holds as required. □ 

We can use the lattice of flats Fl (L, E) to define a closure operator (see Subsection 10.1 
of the Appendix) in the lattice [2^, C): given X C E, let 

CIlX = n{Z G Fl (L, ^) I X C Z}. 

Recalling the notation from Section 3 and Lemma 3.2, it is easy to see that 

Chx = z^x = {yx)inE. (6) 

Indeed, we have X C Zyx € Fl (L, E), and the equivalence 

X cZe ^ ^xeX x<e ^ vx <e ^ Zyx c Ze 

follows from (3), hence (6) holds. 

Note that X G Fl (L, E) if and only if CIlX = X, and C\l is indeed a closure operator 
in the lattice (2-^,C). 

We say that X = {xi, . . . ,Xk} C is a transversal of the partition of the successive 
differences for the chain Yq D . . . D inFl (L, E) if Xi G l^-i \ 1^ for i = 1, . . . , fe. A subset 
of a transversal is a partial transversal. 

By adapting the proofs of [10, Lemmas 3.4 and 3.5], we can prove the following: 

Proposition 4.2 Let {L, E) G FLg and X C E. Then the following conditions are equiv- 
alent: 
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(i) X is c-independent; 



(ii) X admits an enumeration xi, . . . ,Xk such that 



(xi V . . . V Xfc) > (X2 V . . . V Xfc) > . . . > {xk-i V Xk) > Xk; 



(7) 



(Hi) X admits an enumeration xi, . . . ,Xk such that 



CIl{xi, ...,Xk)D ClL(a;2, . . . D . 



^ Chixk); 



(iv) X admits an enumeration Xi, . . . ,Xk such that 



Xi ^ ClL{Xi+i, ...,Xk) 



{i = l, 



k-1); 



(v) X is a transversal of the partition of successive differences for some chain ofFl(L,E); 

(vi) X is a partial transversal of the partition of successive differences for some maximal 
chain of F1(L, E). 

Proof, (i) =^ (ii). If X is c- independent, then M(L) admits a submatrix of the form (1), 
with the columns labelled, say, hy xi, . . . , x^. It is a simple exercise to show that (7) holds. 

(ii) => (iii). By (3) and (6). 

(iii) =^ (iv). If Xi € ClL(xi+i, . . .,Xk), then Chixi, ...,Xk) = ClL(a;j+i, . . .,Xk). 

(iv) (ii). Clearly, (xj V . . . V Xk) > (xj+i V ... V Xk), and equality would imply 
C\L{xi,...,Xk) = C\L{xi+i,...,Xk) by (6). 

(ii) ^ (i). If (7) holds, we build a nonsingular submatrix of M{L) of the form (1) by 
taking rows labelled hy £i, . . . , ik € L, where £i = (x^+i V ... V Xk) {i = 1, . . . ,k). 
(iv) <;=^> (v) <^ (vi). Immediate. □ 

It is easy to characterize c-independence for small numbers of vectors: 
Proposition 4.3 Let (L, E) G FLg and let X CE. 

(i) If \X\ < 2, then X is c-independent. 

(ii) If X is c-independent and \/X < 1, then XLi{p} is c-independent for some p G E\X. 

Proof, (i) The case \X\ < 1 is immediate, hence we may assume that X = {xi,X2} and 
Xi ^ X2- Then {xi V X2) > X2 and so X is c-independent by Proposition 4.2. 

(ii) Since 1 = WE, there exists some p e E such that ((VX) Vp) > (VX) and so X U {e} 
is a c-independent subset of E by Proposition 4.2 (using the characterization in (ii)). □ 

We discuss now the c-independence of 3-subsets. 

Proposition 4.4 Let {L, E) G FLg and let X he a 3-suhset of E. Then the following 
conditions are equivalent: 

(i) X is c-independent; 

(ii) X admits an enumeration xi,X2,X3 such that 



{Xi V X2 V X3) > (X2 V X3) > X3; 
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(in) X admits an enumeration xi,X2,xs such that xi ^ CIl{x2,X3); 

(iv) X is contained in some c-independent 4-subset of E or there exists some x G X such 
thatV{X\{x}) < VX = 1. 

Proof, (i) 4^ (ii). By Proposition 4.2. 

(i) (iii). By Proposition 4.2. 

(iii) =^ (i). Since X2 ^ x^, we may assume that X2 ^ x^. Hence X2 ^ Z^^ and so 
X2 ^ C1l(x3) in view of (6). By Proposition 4.2, X is c-independent. 

(ii) (iv). Assume that {xi V X2 V xs) > {x2 V X3) > X3 with X = {xi,X2,X3}. The 
case (xi Va;2 Vxs) = 1 is immediate and the case (xi Vx2 Vxs) < 1 follows from Proposition 
4.3(ii). 

(iv) =^ (i). Clearly, c-independent sets are closed under inclusion, hence we may assume 
that X = {x, y, z} and {yV z) < \/X = 1. Since we may assume that y ^ z, then z < (zVy) 
and so X is c-independent by Proposition 4.2. □ 



5 Representation of hereditary collections 

Let {E, H) be a hereditary collection. We say that X C E is closed (or a flat) if 

yi e Hn2^ \/pe E\x iu{p}eH. 

The set of all flats of {E, H) is denoted by Fl {E, H). 

An alternative characterization is provided through the notion of circuit: C C. E is said 
to be a circuit of {E, H) if C ^ H but all proper subsets of C are in H. 

Proposition 5.1 Let {E,H) be a hereditary collection and let X C. E. Then the following 
conditions are equivalent: 

(i) X is closed; 

(ii) if p £ C O X U {p} for some circuit C , then p £ X . 

Proof, (i) =^ (ii). Suppose that there exist a circuit C and p £ C Q X L) {p} such that 
p <^ X. Then C = I U {p} for some I Q X. It follows that I e H D 2^ and p G E \ X , 
however I U {p} ^ H. Therefore X is not closed. 

(ii) (i). Suppose that X is not closed. Then there exist I G H (12^ and p G E \ X 
such that / U {p} ^ H. Let Iq G I he minimal for the property Iq U {p} ^ H. Since Iq G H 
due to Iq C. I £ H, it follows that Iq U {p} is a circuit by minimality of Iq- Thus condition 
(ii) fails for C = IqU {p} and we are done. □ 

Note that condition (ii) is the standard characterization of flats for matroids. 
The following result summarizes some straightforward properties of F\{E,H). We say 
that {E, H) is simple if P2{E) C H. A 1-subset of E is also called a point. 

Proposition 5.2 Let {E, H) be a hereditary collection, 
(i) IfYQYl {E, H), then r\Y G Fl {E, H) . 



13 



(ii) IfPk{E) C H with k>l, then Pk-i{E) C ¥\{E,H). 



(in) If {E,H) is simple, then the points of E are closed. 

Proof, (i) We have E = ni/) £ F\{E,H) trivially, hence it suffices to show that Xi,X2 G 
Fl {E, H) implies Xi n X2 G Fl (E, H). 

Let / G Hn2^^^^^ andpe E\{Xir]X2). Thenp ^ Xi oi p ^ X2. Hence XiflXs C Xj 
and p £ E \ Xj for some j G 2. Since Xj G Fl(£',ii'), we get / U {p} G H and so 

XinX2 eFl{E,H). 

(ii) Immediate. 

(iii) By part (ii). □ 

Similarly to Section 4, we can use the lattice of flats Fl {E, H) to define a closure operator 
in (2^, C): given X<^E, let 

CIX = n{Z G F\{E,H) \ x c z}. 

Note that X C E is closed if and only if CIX = X. Wc can also make the following remark: 

Proposition 5.3 Let {E, H) he a hereditary collection and let X C. E he a hasis. Then 
C\X = E. 

Proof. Suppose that pe E\CIX. Since X C CIX and CIX is closed, we get XU{p} G H, 
contradicting X being a basis. Thus CIX = E. □ 

In the matroid case (see Proposition 5.1), the concept of circuit allows a more construc- 
tive perspective of the closure: 

Proposition 5.4 [13, Proposition 1.4.10(ii)] Let {E, H) he a matroid and let X C E. Then 
C\X = X U {p e E\X \ p e C C X U {p} for some circuit C}. (8) 

In the general case, it is still true that all such elements p must be in the closure, but 
they may not be sufficient. We may then have to iterate the construction. Eventually, 
iteration will gives us all the elements of CIX. 

The subsets of independent column vectors of a given (superboolean) matrix, which 
include the empty subset and are closed for subsets, constitute an important example of a 
hereditary collection. In fact, every hereditary subset is given this way, see [9]. On the other 
hand, a boolean representation of a hereditary collection {E, H) is a boolean matrix M with 
column space E such that a subset X C £■ of column vectors of M is independent (over 
SB) if and only if X G i?. Obviously, we can always assume that the rows in such a matrix 
are distinct: the representation is then said to be reduced. Note also that by permuting 
rows in a reduced representation of {E, H) we get an alternative reduced representation of 
{E, H). The number of rows in a boolean representation M of {E, H) is said to be its degree 
and is denoted by degM. We denote by mindeg (£?, H) the minimum degree of a boolean 
representation of {E,H). 

We remark also that if {E, H) admits a boolean representation, then {E, H) satisfies 
(PR) (see [9, Theorem 5.3]). 

Given an R x E boolean matrix M = (mre) and r E R, we recall the notation Zr = 
{e G -E I rure = 0} introduced in Section 3. 
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Proposition 5.5 Let {E, H) he a hereditary collection and let M he an R x E hoolean 
matrix. If M is a hoolean representation of {E,H), then Z^. G Fl(£^,ii") for every r E R. 

Proof. Let r G R and J O Zr- Suppose that J G H and p € E\ Zr- Since M = (nire) is a 
boolean representation of {E, H), then the column vectors M[R,j] (j G J) are independent 
and so there exists some I C. R such that M[I, J] is of the form (1), for a suitable ordering 
of / and J. Since J C Zr, the row vector M[r, J] contains only zeros. On the other hand, 
since p ^ Zr, we have m^p = 1 and so M[I U {r}, J U {p}] is also of the form (1) and 
therefore nonsingular. Thus J U {p} defines an independent set of columns of M. Since M 
is a boolean representation of (E, H), it follows that J U {p} £ H and so Zr G Fl [E, H). □ 

Let {E,H) be a hereditary collection. In view of Proposition 5.2(i), we can view 
{Fl{E,H), C) as a lattice with {X AY) = X nY and the determined join {X V Y) = 
f\{Z gY\{E,H) \ XyjY <^ Z] = C\{X U y). if {E,H) is simple, by identifying e e E 
with {e} and E with {{e} | e G we may write (F\{E,H),E) G FLg. Indeed, for every 
X G Fl {E,H), we have X = V{e | e G X}. Recalling the representations of V-generated 
lattices from Subsection 2.1, we can prove the following: 

Lemma 5.6 Let {E, H) he a simple hereditary collection and let X C E he c-independent 
with respect to M(F1 {E, H),E). Then X eH. 

Proof. We use induction on \X\. Since {E,H) is simple, the case \X\ < 1 is trivial. Hence 
we assume that |X| = m > 1 and the claim holds for |X| = m — 1. 

By Proposition 2.3, X has a witness P in M = M{¥\{E,H),E). We may assume 
that X = {ei, . . . , e^}, P = {Pi, . . . , Pm} and M[P, X\ is of the form (1), with the rows 
(respectively the columns) ordered by Pi, ... , Pm (respectively e\,..., em)- The first row 
yields e\ ^ Pi and 62, . . . , G Pi. 

Now, since 62,..., is c-independent, it follows from the induction hypothesis that 
{e2, . . . , Cm} G H- Together with {e2, . . . , e^} C Pi G Fl {E, H) and ei ^ Pi, this yields 
X = {e2, • • • , Cm,} U {ei} G -ff as required. □ 

Given matrices Mi and M2 with the same number of columns, we define M\ 0^ M2 to 
be the matrix obtained by concatenating the matrices Mi and M2 by 



and removing repeated rows (leaving only the first occurrence from top to bottom, say). 
We refer to this matrix as Mi stacked over M2 ■ 

Proposition 5.7 Let {E, H) he a simple hereditary collection. 

(i) If Ml and M2 are reduced hoolean representations of {E,H), so is Mi M2. 

(a) If M is a reduced hoolean representation of {E,II) and we add/erase a row which is 
the sum of other rows in bI^I, we get a matrix M' which is also a reduced hoolean 
representation of {E, H). 
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Proof, (i) Since Mi and M2 have both space of columns E, the matrix M = Mi M2 is 
well-defined and has no repeated rows by definition. Let R be the row space of M and let 
X CE. We show that 

X is c-independent with respect to M X e H (9) 

by induction on \X\. The case |X| = being trivial, assume that |X| > and (9) holds for 
smaller values of 

Suppose that X is c-indcpcndent with respect to M. By permuting rows of Mi ©5 M2 
if necessary, and using the appropriate ordering of -E, we may say that there exists some 
P C R such that B[P,X] is of the form (1). Let pi (respectively xi) denote the first 
clement of P (respectively X) for these orderings, so M[P\{pi},X\{xi}] is the submatrix 
of M[P,X] obtained by deleting the first row and the first column. Since reduced boolean 
representations are closed under permuting rows, we may assume without loss of generality 
that the row M[pi,E] came from the matrix Mi. On the other hand, since the column 
vectors M[R,x] {x & X \ {xi}) are independent, it follows from the induction hypothesis 
that X \ {xi} G H and so (since Mi is a boolean representation of {E,H)) X \ {xi} 
is c-indcpcndent with respect to Mi. Hence Mi has a singular submatrix of the form 
Mi[P',X \ {xi}]. Now Mi[P' U {pi},X] is still a nonsingular matrix because the unique 
nonzero entry in the row Mi\pi,X] is Mi\pi,xi]. Hence X is c-independent with respect to 
Ml and so X € H. 

Conversely, if X & H, then X is c-independent with respect to Mi and so X is c- 
independent with respect to M as well. Thus (9) holds and so M is a reduced boolean 
representation of {E, H) as claimed. 

(ii) The claim is obvious when we add a row, so consider the case when a row of the 
described form is erased. It is easy to see that if a fc-marker u is the sum of some vectors in 
B'^, then one of them is equal to u. Therefore, if the sum row occurs in some nonsingular 
submatrix of M, we can always replace it by one of the summand rows. □ 

Proposition 5.7(i) immediately implies that if {E,H) admits a reduced boolean rep- 
resentation, then there exists a unique maximal one. The main theorem of this section 
provides a more concrete characterization: 

Theorem 5.8 Let {E, H) he a simple hereditary collection. Then the following conditions 
are equivalent: 

(i) {E,H) has a boolean representation; 

(ii) M{Fl{E,H),E) is a reduced boolean representation of{E,H). 

Moreover, in this case any other reduced boolean representation of {E, H) is congruent to a 
submatrix of M(F1 {E, H),E). 

Proof, (i) (ii). Write M = M{Fl{E, H), E). Suppose that {E,H) has a boolean 
representation N = [ure)- Then we may assume that the R x E matrix is reduced. By 
Proposition 5.5, we have Zr G Fl {E, H) for every r e R. For every e e E, we have 

Ure = <^ e e Zr <^ {e} C Zr <^ M[Zr, e] = 0, 
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hence N is (up to permutation of rows) a submatrix of M. 

We claim that M is also a boolean representation of {E,H). Indeed, let X C E. If 
X £ H, then X is c- independent with respect to A'^ since A'^ is a boolean representation 
of {E,H), hence X is c- independent with respect to M since N is a submatrix of M. 
The converse implication follows from Lemma 5.6, hence M is a boolean representation of 
{E, H). Naturally, every representation arising from a V-generated lattice is reduced. 

(ii) => (i). Trivial. □ 



6 The lattice of lattice representations 

We define a quasi-order on FLg by 

(L, E) > {L', E) if there exists some V-map ip : L ^ L' such that (p\e = id. 

Note that such ip is necessarily onto: if i' G L' , we may write I' = (ei V . . . V e^) in L' for 
some ei, . . . , efe G -E, hence 

/ = (ei V . . . V efe) = {eiif V ... V ek^p) = (ei V . . . V e^jip G Lip. 

Recall that Fl (L, E) = {Ze,\l& L}, and = ii HE by Lemma 3.2. 
Proposition 6.1 Let {L,E),{L',E) e FLg. Then 

{L', E) < {L, E) ^ Fl (L', E) C Fl (L, E). 

Proof. Assume first that (L', E) < (L, E). Then there exists some V-map p : L ^ L' such 
that p>\e = id. We show that Fl (L', E) C Fl (L, E). Indeed, we claim that 

= Zv(£V"^) (-'■^) 

holds for every I' £ L' . Let e G Z^/. Then e < i' . Write £ = \/{£'(p~^). Since p is onto and a 
V-map, we have ip = £' . Moreover, {£\/e)p = {£py ep) = (f Ve) = f , hence (^Ve) G £'p~^ 
and so V e) < max(^V~^) = ^- Thus e < ^ and so Z^i C Zv(^/(p-i). 

Conversely, assume that e G Zy^^/j^-i). Then e < V(^V~^) ^-iid so e = < £' . Hence 
Zx/it'ip-^) ^ and so (10) holds. Therefore F1(L',£') C F\{L,E). 

Conversely, assume that ¥\{L',E) C 'F\{L,E). We build a map p : L ^ L' as follows. 
Let V' denote join in L'. For every £ e L,we set £p = V'{e e E \ e < £}. 

It is immediate that p is order- preserving. Hence, given £±,£2 G L, we have f^f^ < 
{£1 V ^2)<^ for i = 1, 2 and so 

{£ipV£2p)<{£iV£2)p. (11) 

Moreover, for every e E E, we have ei^ = V'{/ G -E | / < e in L}. Since e < e, we get 
e < ep in L' . 

Now take e G -E such that e < {£xy £2). Since Fl (L', E) C Fl (L, £;), we have Zn^^yii^^ = 
Zfc for some k £ L. Let f € E. Since is order-preserving, f < li implies / < fp < lip < 
{£ip V i2p) and so / G Zi^^\/i^^ = Z^. Hence £i < A; for i = 1, 2 and so {£1 V £2) < /c. Thus 
e G Zfc = ^£ivpv£2¥' ^'^d so 

(£1 V £2)p = V'{e G E; I e < (£1 V £2)} < {£ip V £2^)- 
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Together with (11), this implies that is a V-map. 

It remains to be proved that eip < e holds in L' for every e E E. Since Fl {L',E) C 
F1(L,^;), we have 

{feE\f<emL'} = {feE\f<mmL} 

for some m e L. Hence e < m holds in L. It follows that, for every f e E, f < e in L 
implies f < m in L and therefore / < e in L'. Hence e(p = V'{/ EE\f<e in L} = e and 
so iL',E) < {L,E). □ 

Recall that, if E' = {Ze\ee E}, then (Fl (L, E), E') ^ (L, E) holds for every (L, E) G 
FLg by Proposition 3.3. We identify E' with E to simplify notation. 

Now ¥\{E,H) is closed under intersection by Proposition 5.2(i). We say that a Pl- 
semilattice F of (F\{E,H),Q is full ii%,E e F. Let Yl'SF\{E,H) denote the set of all 
full n-subsemilattices of (Fl (£;, F), C). Then (FISFl (£:, ii"), C) is a poset closed under 
intersection, hence a A-semilattice and therefore a lattice with the determined join 

(Fl V F2) = n{F e FISFl {E, H)\FiUF2C F}. 

Wc say that (L, E) € FLg is a boolean representation of a simple hereditary collection 
{E,H) if M[L,E) is a boolean representation of (E,H). Let JiR{E,H) denote the class 
of all {L,E) G FLg which are boolean representations of {E,H). We restrict to BR{E,H) 
the quasi-order previously defined on FLg. If {L,E) G BR{E,H), then by Proposition 5.5 
we have G Fl {E,H) for every I E L. By Theorem 5.8 and Proposition 6.1, if {E,H) is 
boolean rcprcsentable, then {Fl {E,H),E) > {L,E) for every {L,E) G BR{E,H). 

It is easy to check that 

e : (BR(F, H), <) ^ (FISFl {E, H), <) 
{L, E) ^ Fl (L, E) 

is a well-defined map. Indeed, let (L, F) G BR(F,F). Then F\{L,E) C Fl(F,i7) by 
Proposition 5.5, ant it follows from (4) that F1(L,£') is a fl-subsemilattice of F\{E,H). 
Note that {L,E) G FLg implies E C L \ {B}. Since $ = Zb and E = Zt, we have 
Fl (L, F) G FISFl {E, H) and so is a well-defined map. 

Our next goal is to turn 6 into an isomorphism. A first obstacle is the fact that 9 is not 
onto: not every F G FISFl (F,i?) is rich enough to represent {E,H). However, we claim 
that FISFl {E, H)\lme is an order ideal of FISFl {E, H). 

Since every F G FISFl [E, H), being a H-subsemilattice of Fl (E, H), constitutes a lattice 
of its own right with the determined join, then, in view of Lemma 5.6, the question is whether 
the matrix arising from F produces enough witnesses to recognize all the independent 
subsets in H. Therefore, if F' D F, every witness arising from F can also be obtained from 
F' and so FISFl (F, if) \ ImS is an ideal of FISFl (F, if). Let FISFl o(F, if) denote the 
Rees quotient (see Subsection 10.1 of the Appendix) of FISFl {E, H) by the above ideal. By 
Proposition 10.3, FISFl o(F,ii) = ImOuiB} is a lattice. 

On the other hand, adding a bottom element B to BR(F, H) , we get a quasi-ordered 
set BRo(ii^, H) = BR(ii', H) U {B} and we can extend 9 to an onto map 6*0 : BRo(-E, ii") 
FISFl o(-E, if) by setting BOq = B. Clearly, Proposition 6.1 immediately yields: 
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Corollary 6.2 For all R,S e BRq{E, H), R<S if and only if R9o C SOo. 

Let p be the equivalence in BKq{E,H) defined by p = (< n >). Clearly, two represen- 
tations {L,E), {L',E) are p-equivalent if there exists some lattice isomorphism (p : L ^ L' 
which is the identity on E. Then the quotient BRo(-E, H)/p becomes a poset and by Corol- 
lary 6.2, the induced mapping '■ BRo(-E', — )• FISFlo(-E', iJ) is a poset isomorphism. 
Since we have already remarked that FISFlo(-E, ii") is a lattice (with the determined join), 
we have proved the following theorem: 

Theorem 6.3 Let {E, H) he a simple boolean representable hereditary collection. Then 9q : 
BRo(-B, — )• FISFlo(-E, iJ) is a lattice isomorphism. 

An atom of a lattice is an element covering the bottom element B. The atoms of 
BRo(-E', H) determine the minimal boolean representations of {E, H), and the sji elements of 
BRo(i?, H) determine the sji boolean representations. Clearly, meet is given by intersection 
in FISFlo(-E, -ff), collapsing into the bottom B if it does not correspond anymore to a 
representation of {E, H). But how can join be characterized in this lattice? 

Proposition 6.4 Let {E, H) he a simple boolean representable hereditary collection. Let 
F,F' G FISFlo Then: 

(i) {F\J F') = FlJF'lJ{Zr\Z' \Z eF, Z' e F'}. 

(ii) If (L, E)e = F, (L', E)e = F' and {L", E)e = (F V F'), then M{L", E) is the closure 
of M(L, E) 06 M{L', E) under row sum in BI^I . 

Proof, (i) Clearly, the right hand side is the (full) H-subsemilattice of Fl [E, H) generated 
by F U F'. 

(ii) Recall the isomorphism from Proposition 3.3. The rows rz of M{L, E) (respectively 
M(L', E), M{L", E)) are determined then by the flats Z in F (respectively F\ F V F'). It 
is immediate that rznz' = tz + tz' in BI^I, hence M(L" , E) must be, up to permutation of 
rows, the stacking of M{L,E) and M{L',E), to which we add (if needed) rows which are 
the sum in BI-^I of rows in M(L', E) and M{L", E). □ 

Next we introduce the notion of boolean sum in BR(i?,ii'). Given {L,E),{L',E) e 
BR{E,H), let {L,E) ®f, {L',E) denote the V-subsemilattice of the direct product L x L' 

V-generated by the diagonal E^ = {{e, e) \ e G E} C L x L' . Taking the determined meet, 
and identifying E^i with E as expectable, it follows that iL,E) (Bb {L',E) G FLg. In fact, 
since the projection (L,E) (Bb {L',E) — )■ {E,L) is a V-map which is the identity on E, it 
follows easily that (L, E) ®b {L', E) G BR(F, H). But we can prove more: 

Proposition 6.5 Let {E,H) he a simple hereditary collection and let {L,E),{L',E) G 
BR{E,H). Then 

(L, E)p V (L', E)p = ((L, E) (Bb {L', E))p (12) 

holds in BRo{E, H) / p. Moreover, M{{L, E)pV{L' , E)p) is the closure of the stacking matrix 
M{L, E) ®b M{L', E) under row sum in B'-^I . 

Proof. By the preceding comment, we have {L,E) < {L,E) (Bb {B',E) and also {L',E) < 
{L,E) ®b {L',E), hence 

(L, E)p V (L', E)p < ((L, E) (Bb {L' , E))p. 
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Now let iL",E) G BR{E,H) and suppose that {L,E),{L',E) < {L",E). We must 
show that also {L,E) (Bb {L',E) < {L",E). Indeed, there exist V-maps ip : L ^ L" and 
If' : L' L" which fix E. Let ip" : L x L' L" be defined by = (^-^ V (!^'). 

Since V (^2,^2)) = (^1 V ^2,^1 V 4) in L x L', it follows easily that is a V-map. 

Moreover, since both and fix the elements of E^ so does ip" . Since the restriction of 
a V-map to a V-subsemilattice is still a V-map, it follows that {L,E) ®b {L' ,E) < {L",E) 
and (12) holds. 

The last claim follows from Proposition 6.4. □ 

We can now state the following straightforward consequence: 

Corollary 6.6 Let {E,H) be a simple hereditary collection and consider {L, E), (L' , E) G 

BR{E,H). Then: 

(i) {L,E) can be decomposed as a boolean sum (equivalently, stacking matrices and closing 
under row sum) of sji representations; 

(a) this decomposition is not unique in general, but becomes so if we take a maximal 
decomposition by taking all the sji representations below (L,E). 

Examples shall be provided in Section 8. 
Remark 6.7 Let {E, H) be a simple hereditary collection and let (L, E), (L', E) G BR(£^, H) 
It is reasonable to identify {L,E) and (L' , E) if some bijection of E induces a \/ -bisection 
L — >■ L' , and list only up to this identification in examples. However, for purposes of boolean 

sum decompositions, the bijection on E must be the identity. 

So we shall devote particular attention to minimal/sji boolean representation of (E, H). 
How do these concepts relate to the fiats in FISFl {E, H) and to the matrices representing 
them? 

If L is a lattice, we denote by g\/{L) (respectively gA{L)) the unique minimum set of V- 
generators (respectively A-generators) of L. Clearly, gy{L) equals the set of all sji elements 
of L \ {-B}. Similarly, g/\{L) equals the set of all smi elements of L \ {T}. 

Given {L,E) G BR{E,H), we may view F1(L,£^) as a lattice with the determined 
join and define Z{L,E) = g^{Fl{L, E)). That is, Z{L,E) consists of all the smi fiats in 
Fl (L,E) \ {E}, i.e. which cannot be nontrivially expressed as intersections of other fiats 
in F1(L,£') (note that E = n0, hence E ^ Z{L,E)). In view of Proposition 3.3 (and 
particularly (4)), we have 

Z{L,E) = {Ze\eegA{L)}. (13) 

If we transport these concepts into M{L,E), then Z{L,E) corresponds to the submatrix 
M(L,E) determined by the rows which arc not sums of other rows in bI^I, excluding also 
the row with just zeroes. By Proposition 5.7(ii), M{L,E) is still a boolean representation 
of {E,H). Note that, if we consider B ordered by < 1 and the direct product partial 
order in BI^I, then the rows in M(L, E) are precisely the sji rows of M{L, E) for this partial 
order. 

In the following three key propositions, we shall use the concept of MPS and Proposition 
10.7, which the reader can find in Subsection 10.1 of the Appendix. We shall use the notation 
L = L\{T,B}. 
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Proposition 6.8 Let {E,H) be a simple hereditary collection and let {L,E),{L',E) G 
BK{E,H). Then the following conditions are equivalent: 

(i) {L,E)p covers {L',E)p inBRo{E,H); 

(ii) there exists an MPS ip : L ^ L' fixing the elements of E; 
(Hi) Fl {L', E) = Fl (L, E) \ {ZJ for some smi I € L. 

Proof, (i) =^ (ii). If (L, E)p covers (L', E)p in BRo(£', H), then the (onto) V-map (p : L ^ 
L' cannot be factorized as the composition of two proper (onto) V-maps, and so if is an 
MPS. 

(ii) ^ (iii). By Proposition 10.7, Kertp = pk/ for some k,£ e L such that k covers £ 

and i is smi, hence i ^ T. Therefore we may assume that L' = L/pk/- Clearly, Zk\/£ = Zk 
and so (10) yields Fl{L',E) = Fl{L,E) \ {Zg}. Note that we are assuming that {L',E) G 
BR(£', H) C FLg, hence E C L' \ {B} and so £ B (since B is covered only by elements 
of E). Therefore (iii) holds, as desired. 

(iii) =^ (i). It follows easily from (10) that Kerip has one class with two elements and all 
the others are singular, hence \L'\ = \L\ — 1 and so {L,E)p covers {L',E)p in BRo{E,H). 
□ 

This will help us to characterize minimal and sji boolean representations of (E, H) in 

terms of their flats. 

Proposition 6.9 Let {E,H) be a simple hereditary collection and let {L,E) G BR{E,H). 
Then the following conditions are equivalent: 

(i) {L,E) is minimal; 

(ii) for every MPS ip : L ^ L' fixing the elements of E, {L',E) ^ BR{E,H); 

(iii) for every smi I G L, the matrix obtained by removing the row £ from M{L,E) is not 
a matrix boolean representation of{E,H); 

(iv) for every smi £eL,¥\ {L, E) \ {Z^} ^ ImO. 

Proof, (i) (iv). By Proposition 6.8. 

(i) =^ (iii). Let Z G L be an smi, and let k be the unique element of L covering £. By 
Proposition 6.8, L' = L/pk^£ is a lattice and M{L',E) is precisely the matrix obtained by 
removing the row £ from M{L, E). If M(L', E) is a boolean representation of {E, H), then 
{L,E)p covers {L',E)p in BRo{E,H) and so {L,E) is not minimal. 

(iii) (iv). Suppose that Fl {L, E) \ {Ze} G Im for some smi £ G L. Then Fl (L, E) \ 
{Zi} = Fl (L', E) for some {L', E) G BR(^, H). It is straightforward to check that M(L', E) 
is the matrix obtained by removing the row £ from M(L, E). Thus (iii) fails. □ 

Proposition 6.10 Let {E,H) be a simple hereditary collection and let {L,E) G BR{E,H). 
Then the following conditions are equivalent: 

(i) {L,E) is sji; 
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(a) up to isomorphism, there is at most one MPS cp : L L' fixing the elements of E 
and such that {L',E) G BR{E,H); 

(Hi) there exists at most one smi I E L such that the matrix obtained by removing the row 
I from M(L, E) is still a matrix boolean representation of {E, H); 

(iv) there exists at most one smi i E L such that Fl (L, E) \ {Z^} G Im^. 

Proof. Clearly, (L, E) is sji if and only if (L, E)p covers exactly one element in BRo(-E, H). 
Now we apply Proposition 6.8, proceeding analogously to the proof of Proposition 6.9. □ 

We call a reduced matrix boolean representation M of {E, H) rowmin if any matrix 
obtained by removing a row of M is no longer a boolean representation of {E, H). 

Proposition 6.11 Let {E,H) be a simple hereditary collection and let {L,E) G BK{E,H) 
be minimal. Then M{L, E) is rowmin. 

Proof. By Proposition 6.9, we cannot remove from M{L, E) a row corresponding to an smi 
element of L. Suppose now that B is smi. Then B is covered in L by a unique element e, 
necessarily in E since L is V-generated by E and so the unique 1 in the column of M[L, E) 
determined by e occurs at the row of B. Since {e} is independent due to {E,H) being 
simple, it follows that the row of B cannot be removed either. □ 

The next example shows that the converse of Proposition 6.11 does not hold. 
Example 6.12 Let {E,H) be the matroid defined by E = 4 and H = P^{E) \ {123}. Then 

/I 1 1 
M = 1 1 
\0 1 

is a rowmin boolean representation of {E, H) but M ^ M(L,E) for every minimal {L,E) G 
BK{E,H). 

Indeed, it follows from the analysis developed later in Example 8.1 that M = M{L,E) 
for some sji {L,E) G BR{E,H) (with {L,E)e = {£:, 123, 14, 1, 2, 0}), being therefore a 
boolean representation of {E,H). It must be rowmin since it has only 3 rows and there 
exist independent 3-subsets of E. However, the description of the minimal cases in Example 
8.1 shows that M does not arise from any of them. 

7 Closure operators 

In this section we relate the closure operator induced by a hereditary collection with the 
closure operator induced by a representation. In the follow-up, we denote by CI the closure 
operator on 2^ induced by {E, H). Given (L, E) G BR(£^, H), we denote by CIl the closure 

operator on 2^ as defined in Section 4. 

Lemma 7.1 Let (E,H) be a simple hereditary collection and let {L,E) G BR(E,H). Let 
X CE. Then: 



(i) CIX C CIlX; 
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(ii) CIX = CIlX ifL= F\{E,H). 

Proof, (i) We have C\X = r\{Z e Fl {E, H) \ X C Z} and in view of (6) and Proposition 
5.5 also 

ClLX = ZvxeFl {E,H). 

Since X C ChX, we get CIX C ChX. 

(ii) Assume that L = Fl {E,H). Let Z G Fl {E,H) be such that X C Z. It suffices 
to show that CIlX C Z, i.e. Z^x C Z. Now in Fl{E,H) we have VX = CIX and 
Zq^^ = {e G E \ e e CIX} = CIX , hence we must show that CIX C Z. This fohows from 
X C. Z and Z being closed, therefore we are done. □ 

Proposition 7.2 Let {E, H) he a simple hereditary collection admitting a boolean repre- 
sentation (L, E) G BR(£', H) and let X C. E. Then the following conditions are equivalent: 

(i) X e H; 

(ii) X admits an enumeration xi, . . . ,Xk such that 

ClL{xi,...,Xk) D ClL{x2,...,Xk) D ... D Chixk); (14) 

(Hi) X admits an enumeration xi, . . . ,Xk such that 

Cl{xi,...,Xk) D Cl{x2,...,Xk) D ... D Cl(xfc). (15) 

Proof, (i) => (ii). Assume X e H. Since iL,E) G BR{E,H), it follows that X is c- 
independent. By Proposition 4.2, this is equivalent to saying that X admits an enumeration 
xi, . . . ,Xk such that (14) holds. 

(ii) (iii). Suppose that Xi G Cl(a;j+i, . . . ,Xk) for some i. By Lemma 7.1(i), we get 
Xi G Cl^ixi+i, . . . ,Xk) and so Cli(xi, . . . ,Xk) = ClL(xi+i, . . . ,Xk), a contradiction. Hence 
Xi ^ CI (a^j+i, . . . , Xk) for every i and so (15) holds. 

(iii) (i). Consider the representation of {E,H) by {L',E) = (Fl{E,H),E). By 
Lemma 7.1(ii), we have 

C1l/(xi, ...,Xk)D ClL/(a;2, . . . ,Xk) D . . . D ClL'(xfc). 

It follows from Proposition 4.2 that X is c- independent with respect to M{Fl{E, H), E), 
and so X G by Lemma 5.6. □ 

We can now prove another characterization of boolean rcprcscntability: 

Theorem 7.3 Let {E, H) be a simple hereditary collection. Then the following conditions 
are equivalent: 

(i) {E,H) admits a boolean representation; 

(ii) every X £ H admits an enumeration xi, . . . ,Xk satisfying (15). 

Proof, (i) =^ (ii). By Proposition 7.2. 

(ii) (i). Let X e H. In view of (15), we can use the fiats CI (xj, . . . , Xk) as a witness 
for X, hence X is c-independent with respect to M{Fl{E, H), E). Lemma 5.6 yields the 
reciprocal implication and so M(F1 {E, H),E) is a reduced boolean representation of {E, H). 
□ 
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We can also characterize which lattices provide boolean representations: 

Proposition 7.4 Let {E, H) be a boolean representable simple hereditary collection and 
let if : {Fl{E,H),E) — {L,E) be a V-map fixing the elements of E. Then the following 

conditions are equivalent: 

(i) {L,E) G BR{E,H); 

(ii) every X G H admits an enumeration Xi, . . . ,Xk satisfying (14)- 

Proof, (i) =^ (ii). By Proposition 7.2. 

(ii) =^ (i). Let X C. E. We show that X G H ii and only if X is c- independent (with 
respect to M{L,E)). 

Assume that X e H. Since CIlY = (VY) i HE = Zyy for every Y C E hy (6), it 
follows from (ii) that the rows ClL(xj, . . . , x^) act as a witness for X in M{L, E) and so X 
is c-independcnt. 

Conversely, assume that X is c-independent. By Proposition 6.1, M(L, E) is a submatrix 
of M{¥\{E,H),E) and so X is c-independent with respect to M{F\{E,H),E). Hence 
X G -ff by Lemma 5.6. □ 

Corollary 7.5 Let {E, H) be a boolean representable simple hereditary collection and let 
F e FlSFl{E,H). For every X C E, let ClpX = n{Z e F \ Z D X}. Then the following 
conditions are equivalent: 

(i) F = ¥\{L,E) for some {L,E) G BR{E,H); 

(ii) every X E H admits an enumeration xi, . . . ,Xk satisfying 

CIf{xi, . . . , Xfe) d C\f{x2, . . . , ccfc) D . . . D Clpixk); (16) 

Proof. As noted before, since F is a H-subsemilattice of Fl (E,H), it constitutes a lattice 
of its own with the determined join 

(XVY) = CIf{XUY) {X,YeF). 

Identifying E with {Clirje} | e G E}, we can view (F, E) as an clement of FLg, isomorphic 
to (L, E) in view of Proposition 3.3. Now we apply Proposition 7.4. □ 

The important subcase of boolean representations of matroids was studied in [9, 10] and 
the following fundamental result was proved. For the sake of completeness, we include here 
a short alternative proof: 

Theorem 7.6 [10, Theorem 4.1] Let {E,H) be a simple matroid. Then M{Fl{E,H),E) 
is a boolean representation of{E,H). 

Proof. In view of Theorems 5.8 and 7.3, it suffices to show that every X E H admits an 
enumeration xi, . . . ,Xk satisfying (15). Thus we only have to show that 

Xi^Cl{xi,...,Xi-i) (17) 

for i = 2, . . . , A;. Indeed, suppose that Xi G CI {xi, . . . , Xi-i). By Proposition 5.4, we have 
■Ti G C C {xi, . . . ,Xi} for some circuit C, hence C C X e H, a contradiction. Thus (17) 
holds as required. □ 
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Example 7.7 Let {E,H) be a simple hereditary collection with \E\ = 4. 

(i) If H has 0, 3 or 4 independent 3-subsets, then {E,H) is a matroid and therefore 
boolean representable. 

(a) If H has 1 independent 3-subset, then {E,H) does not satisfy (PR) and so is not 
boolean representable. 

(Hi) If H has 2 independent 3-subsets, then {E,H) is not a matroid but it is boolean 
representable. 

Indeed, (i) and (ii) are straightforward (in view of [9, Theorem 5.3]). In (iii), we may 

assume that 123 and 124 denote the independent 3-subscts. Since 34 is also a basis, then 
{E, H) is not a matroid. However, since Fl {E, H) = V\{E) U {12, it follows easily from 
Theorem 7.3 that {E, H) is boolean representable. 

In fact, in this case the lattice of flats can be depicted as 



E 




12 3 4 




and so there exist maximal chains C 1 C 12 C and C 4 c of different length. Hence 
Fl {E, H) does not satisfy the Jordan-Dedekind condition and so is not semimodular by [6, 
Theorem 374]. We recall that a lattice L is said to be semimodular if there is no sublattice 
of the form 



a 




e 



with d covering e. 

A lattice is called atomic if every element is a join of atoms {B being the join of the 
empty set). It is said to be geometric if it is both semimodular and atomic. It is well known 
that a lattice is geometric if and only if it is isometric to the lattice of fiats of some matroid 
[13, Theorem 1.7.5]. 

Hence the above example shows that properties such as semimodularity or the Jordan- 
Dedekind condition, which hold in the lattice of flats of a matroid, may fail in the lattice of 
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flats of a boolean representable hereditary collection, even though it is simple and paving 
(see Subsection 9.2). 

8 Examples 

We present now some examples where we succeed on identifying all the minimal and sji 

boolean representations. 

Example 8.1 Let {E,H) be the matroid defined by E = I and H = PsiE) \ {123}. We 
compute all the minimal and sji representations of {E,H). 

It is routine to compute Fl{E,H) = Pi{E) U {14,24,34,123,1234}. Which F G 
FISFl (£', H) correspond to lattice representations (i.e. F G Im^)? We claim that F G Im^ 
if and only if one of the following conditions is satisfied: 

123G F and |{l,2,3}nF| > 2, (18) 

|{14,24,34}nF| > 2. (19) 

In view of Corollary 7.5, it is easy to see that any of the conditions implies F G \mO (note 
that 4 = 14 n 24 G F in the case (19)). 

Conversely, assume that F G Im^ and suppose that |{14, 24, 34} n F| < 1. Without loss 
of generality, we may assume that 24, 34 ^ F. Since 234 G H, it follows from Corollary 7.5 
that there exists an enumeration x, y, z of 234 such that 

C\f{x) C Clpixy) C Clpixyz). 

The only possibility for Clpixy) in F is now 123. Hence CIf{x) G {2, 3}. Out of symmetry, 
we may assume that 2 G F. On the other hand, since 13 G H, there exists an enumeration 
a, b of 13 such that 2 

ClF(a) C Clpiab) = 123. 

The only possibilities for Cli?(a) in F are now 1 or 3, hence (18) holds. 

We consider now the minimal case. Assume that F G Im^. Since we can view (F, F) 
as a lattice projecting onto F through 9, and by Proposition 6.9, the key lies with the smi 
elements of F (with respect to intersection). More precisely, (F, F) G BR(F, if) is minimal 
if and only if removal of an smi element of F \ {F, 0} takes us outside Im^. It follows easily 
from our characterization of Im 6 that this corresponds to having 

F = {F,123,z,j,0} or F = {F, z4, j4, 4, 0} 

for some distinct i,j G 3, leading to the lattices 

F F 




123 i4 j4 
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Note that, if we wish to identify the generators E in these lattices, we only have to look for 
Cle for each e e E. For instance, in the first lattice, the top element corresponds to the 
generator 4. 

Following Remark 6.7, we can count the number of minimal lattice representations 

• up to identity in the V-gcncrating set E (3 + 3 = 6); 

• up to some bijection of E inducing a V-bijection on the lattices (1 + 1 = 2). 

With respect to the sji representations, it follows from Proposition 6.10 that {F,E) € 
BR(_E', H) is sji if and only if there is at most one smi clement oi F\ {E^ 0} whose removal 
keeps us inside Im^. We claim that this corresponds to either the minimal case or having 

F = {S,123,i,j,4,0} or F = {£;, 123, z4, j, 0} or F = {E,iA,jA,kAM (20) 

for some i^j^k G 3 with i ^ j. It is immediate that the cases in (20) lead to {F,E) 
sji, the only possible removals being respectively 4, i4 and k. Conversely, assume that F 
corresponds to an sji non minimal case. Suppose first that F satisfies (18). If none of the 
pairs fc4 is in F, then F must contain precisely three singletons to avoid the minimal case, 
and one of them must be 4 to avoid having a mutiple choice in the occasion of removing one 
of them. Hence we may assume that G F and so also i = 123 n i4. If j4 G F for another 
j G 3, then also j G F and we would have the option of removing either 14 or j4. Hence F 
contains E, 123, i4, i, 0, and possibly any other singletons. In fact, it must contain at least 
one in view of (18) but obviously not both. Thus F is of the first form in (20) in this case. 
Now assume that F satisfies (19) but not (18). Assume that i4, j4 G F for some distinct 
k £ 3. Then 123 ^ F, otherwise i.j G F and we can remove cither i4 or j4. Clearly, a 
third pair /c4 is forbidden, otherwise we could remove any one of the three pairs. Thus F 
contains i4, j4, 4, 0, and possibly any other singletons. In fact, it must contain at least 
one to avoid the minimal case but obviously not two, since any of them could be removed. 
Thus F is of the second form in (20) and we have identified all the sji cases. In the second 
case of (20), we must separate the subcases k = i and k ^ Thus the sji non minimal 

cases lead to the lattices 
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E 



j4 i4 j4 k 




Following Remark 6.7 as in the minimal case, the number of sji lattice representations 
in both counts (which includes the minimal ones) is respectively 6 + 3 + 6 + 6 + 3 = 24 and 
1 + 1 + 1 + 1 + 1 = 5. 

It is easy to see that 

Fl {E, H) = {E, 123, 34, 2, 3, 0} U {E, 14, 24, 1, 4, 0} 

provides a decomposition of the top boolean representation Fl [E, H) as the join of two sji's. 
In matrix form, and in view of Proposition 6.5, this corresponds to express the matrix 



M(F1 {E,H),E) 



as the stacking of the matrices 

/O 0\ 
1 
110 
10 11 
110 1 

VI 1 1 ly 

Note that the maximal decomposition of Fl (E, H) as join of sji's would include 24 factors. 

It is also easy to see, in view of Proposition 5.7(ii) (which allows us to discard those 
rows corresponding to non smi elements) that mindeg {E, H) = 3: we take the minimal 
representation defined by F = {E, 14, 24, 4, 0} and discard the row corrresponding to 4 = 
14 n 24. We can also discard the useless row of zeroes corresponding to to get the matrix 





















1 







1 


1 







1 


1 







1 


1 










1 


1 


1 




1 


1 


1 




1 


1 





1 




1 


1 


1 







Vi 1 


1 


ij 






/o 





0\ 







1 


1 




1 





1 







1 


1 


1 




1 


1 


1 






1 


1 1/ 




We cannot do better than this since there are independent 3-sets in H. Therefore 
mindeg {E, H) = 3. 

Example 8.2 Let (E, H) he the Fano matroid defined by E = 7 and H = P3{E)\{125, 137, 
146,236,247,345,567}. We compute all the minimal and sji representations of{E,H). 

Note that C = P3{E)\H is precisely the set of lines in the Fano plane [20] (the projective 
plane of order 2 over the two element field): 



7^ 

We can view the Fano plane as a PEG (see Subsection 10.3 of the Appendix). We list 
a few of its properties: 

(Fl) Any two distinct lines intersect at a single point. 
(F2) Every point belongs to exactly three lines. 
(F3) Any two points belong to some line. 

(F4) If K consists of 5 lines, then there exist two points a, b such that K consists of all 
lines containing either a or b. 

We note that (F4) follows from (Fl) since the two lines not in K must cover exactly 5 
points, and we may take a, b as the two remaining points. 

It is easy to check that Fl {E,H) = Pi{E) U the lines are obviously closed, the 2- 
subsets are not, and every 4-subset of E contains an independent set and has therefore 
closure E by Proposition 5.3. 



Assume that F elm.6. Suppose that |-F H £| < 5 and (21) fails. If |F n >C| < 3, we can 
extend F to some set F' satisfying |F' n >C| =4 and having 3 lines intersecting at a point. 
Otherwise, let F' = F. 

Suppose that F' n C = {Xi,X2,Xs,X4} and Xi,X2,X3 intersect at a certain point p. 

For i = 1, 2, 3, take some point Xi £ Xi \ (X4U {p}). The points are all distinct by (Fl). Let 
Y = X1X2X3. Since ^4 n y = 0, it follows from (Fl) that Y £ H. It follows from Corollary 
7.5 that there exists an enumeration yi, 1/2, ys of Y such that 




Let F G FISFl {E, H). We claim that F G Im6l if and only if |F n £| > 5 or 



F r\C\ =4 and no 3 lines of F fl £ intersect at a point. 



(21) 



ClF'(yi) c ClF'{yiy2) c ClF'iymy^)- 
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Hence CIf' (2/1^2) e F' D C. Since ¥0X4 = $, it follows that \Y D Xi\ > 2 for some i G 3. 
Hence xj G Xi for some j ^ i, yielding \Xi n Xj\ > 2 and contradicting (Fl). 

Assume now that (21) liolds. Let X = xyz € H. By (F3), we may write x'yz, xy'z, xyz' G 
C for some x' ,y' ,z' G E. Since x' ^ x due to xyz G if, x'j/z G C (and similarly, y' / y), it 
follows that the three lines x'yz, xy'z, xyz' are distinct. 

Suppose that x'yz, xy'z, xyz' ^ F. Since \x, y, z, x' , y' , z'\ < 6, there exists some point p 
which occurs in no line among x'yz, xy' z, xyz' . Since \C\ = 7, it follows that the three lines 
of C containing p must be all in L = £ \ {x'yz, xy'z, xyz'}, contradicting (21). Thus we 
may assume without loss of generality that x'yz G F. 

On the other hand, in view of (Fl) and (21), the number of intersections of lines in F is 
precisely (2) = 6, which implies that F contains at least 6 points among the 7 of E. Hence 
y £ F OT z £ F and we may assume without loss of generality that y £ F. Thus 



and so F G Im0 by Corollary 7.5. 

Finally, if IF n £] > 5, it suffices to show that F contains some F' G FISFl {E,H) 
satisfying (21). Let K be any 5-subsct of lines in F, and let a,b £ E be given by (F4). Let 
F' be obtained from F by excluding the lines not in K and the line containing a, b. It is 
easy to check that F' satisfies (21). This completes the proof for the characterization of 



Now, similarly to Example 8.1, the lattice (F, E) is a minimal boolean representation if 
and only if removal of an smi element of F \ {F, 0} takes us outside Im^. It follows easily 
from our characterization of Im^ (and the fact that |Fn>C| > 5 implies that F contains some 
F' £ FISFl (F, if) satisfying (21)) that this corresponds to F satisfying (21) and having 
only the 6 points that are necessarily present as the outcome of intersections of lines in F. 
Writing F r\ C = {p,q, r, s} and denoting by xy the intersection oi x,y £ F r\ C, we see that 
the minimal boolean representations are, up to isomorphism, given by the lattice 



Up to permuting rows/columns, the matrix representation M(F, F) (where we keep only 
the rows of M(F, F) corresponding to the smi elements of F \ {F}) is then of the form 



ClF(y) = yc x'yz = Clp {yz) c F = Clp (xyz) 



lm0. 



E 




/oolioiix 

0110101 

1001101 
\1 10 00 1 1/ 



(22) 
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Following Remark 6.7 as in Example 8.1, the number of minimal lattice representations 
in both counts is respectively 7 and 1. 

It follows from Proposition 6.10 that {F,E) G BR(£',if) is sji if and only if there is at 
most one smi element of F \ {E, 0} whose removal keeps us inside Im 9. We claim that this 
corresponds to either the minimal case or one of the following: 

(A) F satisfies (21) and contains all the points; 

(B) |F n L| = 5 and F contains only 6 points. 

Assume that (A) holds. Wc have already remarked that the intersections of the 4 lines in 
F yield 6 distinct points, hence the unique possible removal is the 7th point. 

Assume now that (B) holds. Clearly, we cannot remove a point. Let a,b e E he given 
by (F4). Then the unique line we can remove is the line containing a and b, in order to 
satisfy (21). Thus both (A) and (B) correspond to sji (non minimal) cases. 

Assume now that F corresponds to an sji non minimal case. It is imediate that F must 
contain 4 or 5 lines. Suppose that |F n L| = 4. Then F satisfies (21) and must contain all 
the points to avoid the minimal case. Hence (A) holds. Finally, we suppose that |FnL| = 5. 
Let a,b £ E he given by (F4). Since we have (2) = 10 pairs of lines and 6 of these pairs 
intersect in either a 01 b, F must contain only 6 points. Therefore (B) holds. 

Which lattice corresponds to (A)? Let us use the same notation as in the minimal case 
and denote the seventh point by z. Since every line in F must intersect each of the other 
three, and always at different points, it follows that z does not belong to any line in F. 
Therefore we obtain the lattice 



E 




Up to permuting rows/columns, the matrix representation M{F,E) is then of the form 

/OOl 101 1\ 
0110101 
1001101 
1100011 

yi 1 1 1 1 10/ 

In case (B), let r denote the line containing a and b, and let p,q (respectively s,t) he 
the two other lines containing a (respectively b). Using the same notation for intersection 
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of lines, we get the lattice 




a ps pt qs qt b 




Up to permuting rows/ columns, the matrix representation M{F, E) is then of the form 

/0011011\ 
0110101 
1001101 
1100011 

Vi 1 1 1000/ 

Following Remark 6.7 as in the minimal case, the number of sji lattice representations 
in both counts is respectively 7 + 7 + 21 = 35 and 1 + 1 + 1 = 3. 
It is easy to see that 

Fl (E, H) = {E, 125, 146, 236, 345, 567, 1, 2, 3, 4, 5, 6, 0} 
U {E, 137, 146, 236, 247, 567, 1, 2, 3, 4, 6, 70} 

provides a decomposition of the top boolean representation Fl [E, H) as the join of two sji's. 
In matrix form, and in view of Proposition 6.5, this corresponds to the stacking of matrices 



/0011011\ 
0101110 
0110101 
1001101 
1010110 
1100011 

Viiiiooo/ 



/0011011\ 
0110101 
1001101 
1100011 

VI 1 1 1000/ 



/O 1 1 1 1 0\ 
0110101 
1001101 
1010110 

Vi 1 1 1000/ 



where we depict only the rows corresponding to the smi elements of the lattices (minus the 
top). 

Note that the maximal decomposition of Fl {E, H) as join of sji's would include 35 

factors. 

We claim that mindcg {E, H) = 4 taking the matrix representation (22) given for the 
minimal case. Indeed, suppose that M is a 3-row matrix representation of {E,H). Since 
all the 2-subsets are c-independent, all columns must be different and nonzero in view of 

Proposition 2.2. Since each of our 7 columns has 3 entries, there exist 4 columns (corre- 
sponding to some distinct a, b,c,d G E) having at most one zero. By Proposition 2.2, all 
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the 3-subsets of {a, b, c, d} must be dependent, thus hues. In particTilar, two hues may have 
two points in common, contradicting (Fl). Therefore mindcg (£", iJ) = 4. 
Further information on the Fano plane can be found in [16]. 

Before presenting the next example, we need to recall two standard concepts from graph 
theory. 

Given a finite graph G, the girth of G, denoted by gth G, is the length of the shortest 
cycle in G (assumed to be oo is G is acyclic). Note that gthG > 3 for any finite graph. We 
denote the maximum degree of a vertex in G by maxdeg G. 

If G = {V, E) is a connected graph, we can define a metric c? on F by 

d{v,w) = length of the shortest path connecting v and w (counting edges). 

The diameter of G, denoted by diam G, is the maximum value in the image of d. If G is 
not connected, we define diamG = oo. 

Finally, let K^^n denote the complete bipartite graph on m + ra vertices. 

Example 8.3 Let 6 > 5 and {E, H) = U^^b. We compute all the minimal and sji represen- 
tations of {E, H). 

It is immediate that Fl{E,H) = P2{E) U {E}. Given F G FISFl (£;, iJ), we define 
a finite undirected graph with vertex set E = b and edges p — q whenever p, q are 
distinct and pq ^ F. We claim that 



Indeed, assume that F G lm9. Suppose that gth F'j = 3. Then there exist distinct 
p,q,r € E such that pq,pr,qr ^ F. Hence Cli?(,Ty) = E for all distinct x,y £ {Pjqjf}. 
Since pqr G H, this contradicts F ^ Im^ in view of Corollary 7.5. Thus gthF7 > 3. 

Suppose next that x,y G E\F are distinct. Let z,t,w G \ {x,y} be distinct. By 
Corollary 7.5, xyz admits an enumeration xi,X2,X3 satisfying 



Since F C P2{E)L){E}, we get xi,xiX2 G F and so xi = z and i^z G F for some iz G {x,y}. 
Similarly, i^t, iyjW G F for some it-, iw G {x, y}. We may thus assume that iz = H = x, hence 
X = izZ n itt G F, a contradiction. Therefore !£■ \ F| < 1. 

Conversely, assume that gthF7 > 3 and \ F| < 1. Let x,y,z G E he distinct. 
By Corollary 7.5, it suffices to show that xyz admits an enumeration xi,X2,X3 satisfying 
(24). Since gthF7 > 3, we have {xy,xz,yz} n F / 0. We may assume that xy G -F. 
Since \E\ F\ < 1, we have either x e F or y e F. In any case, (24) is satisfied by some 
enumeration of x,y,z and so (23) holds. 

The minimal cases are once more characterized by the following property: removal of 
an smi element oi F\ {E, 0} must make (23) fail. It is easy to see that the smi elements of 
F \ {E, 0} are precisely the 2-sets and the points which are not intersections of 2-sets in F, 
i.e. vertices of degree > \E\ — 2 in Fj. We claim that {F, E) is minimal if and only 



F G Im6' <^ (gthF7 > 3 and < 1). 



(23) 



C\f{xi) C C\f{xiX2) C C1f(xiX2X3). 



(24) 



(M) gthF7 > 3, diamF7 = 2 and 



maxdeg F7 >\E\-2^\E\F\ = l. 



(25) 
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Assume that {F,E) is minimal. Then gthFj > 3 and !£■ \ F| = 1 by (23). Suppose 
that maxdegF7 > \E\ — 2. Then some points of E are smi elements of F7. li E C. F, we 
could remove one of these smi points and still satisfy (23). Hence \E\ F\ = 1. 

Finally, since > 2 and gthF7 > 3, we have diamF7 > 2. Suppose that x,y e E 
lie at distance > 2 in Fj. Then we could add an edge x — y and still satisfy (23). Since 
adding an edge corresponds to removal of the smi xy from F, this contradicts {L, E) being 
minimal. 

Conversely, assume that gthF7 > 3, diamF7 = 2 and (25) holds. Since diamF7 = 2, 
it is clear that we cannot add any extra edge and keep gthF7 > 3, hence removal of 2-sets 
from F is forbidden. On the other hand, in view of (23), we can only remove a point from F 
ii E C. F, and by (25) this can only happen if maxdegi^7 < — 2. However, as remarked 
before, this implies that no point is an smi element of F. Therefore (L, E) is minimal as 
claimed. 

Next we show that {F, E) is sji if and only if gth F7 > 3 and one of the following cases 
holds: 

(A) There exists a unique 2-subset {u, v} of E such that d{u, v) > 2 in F7, and (25) holds. 

(B) diamF7 = 2 and 

F^^K2,n^\E\F\ = \. (26) 

Indeed, assume that (A) holds. Clearly, the unique edge that can be added to the graph 
and keep its girth above 3 is u — v. On the other hand, since (25) holds, the possibility of 
removal of an smi point is excluded. Thus (F, E) is sji in this case. 

Assume now that (B) holds. We cannot remove a 2-set from F, since adding an edge 
to a graph of diameter 2 brings along girth 3. On the other hand, having an option on 
removing an smi point would imply the existence of two points of degree > \E\ — 2, which 
implies F7 = i^2,n- But in view of (26), only one of these points can be present on F. Thus 
(L, E) is sji also in this case. 

Conversely, assume that {F,E) is sji. Suppose first that diamF7 = 2. As remarked 
before, we cannot remove a 2-set from F, and smi points correspond to degree > — 2. 
Therefore there is at most one such vertex in F. Since i^2,n has two, then (26) holds and 
we fall into case (B). 

Finally, assume that diamF7 > 2. Then there exist u,v e E at distance 3 in F7, and 
adding an edge u — v does not spoil (23). Since {L,E) is sji, then the pair u,v is unique. 
Similarly to the characterization of the minimal case, (25) must hold to prevent removal of 
an smi point. Therefore (A) holds. 

We prove next that 

mindegC/3,26 = 6(6-1) (27) 

holds for every 6 > 3. Indeed, assume that M is an Rx E boolean representation of Us^2b 
with minimum degree. By Proposition 5.7(ii), we can add all the boolean sums of rows in 
M and have still a boolean representation of and we can even add a row of zeroes (we 
are in fact building the matrix M'^ G M. from Section 3). Now by Proposition 3.4 we have 
M" = M{L,E) for some (L,E) G BRUs,2b, and so F = {L,E)e satisfies gthF7 > 3 by 
(23). By Turan's Theorem [4, Theorem 7.1.1], the maximum number of edges in a triangle- 
free graph with 2b vertices is reached by the complete bipartite graph JC;, which has 
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edges. Therefore F7 has at most 6^ edges. Since 2^ has (2'') = b{2b - 1) 2-sets, it follows 
that F has at least b{2b — 1) — 6^ = b{b — 1) 2-sets. Since the 2-scts rcpesent necessarily 
smi elements of M'^, it follows that AI = M(L,E) has at least 6(6 — 1) elements and so 
mindegJ73^26 > 6(6— 1). Equality is now realized through F7 = Kh^f,. Note that in this case 
no vertex has degree > — 2, hence all the points are meets of closed 2-sets and the smi 
rows of the matrix are precisely the 6(6— 1) rows defined by the complement graph of 
Therefore mindeg ?73,26 = 6(6 — 1). 

With respect to the odd case, we show that 

mindeg [/3,26+i =6^ (28) 

holds for every 6 > 3. The argument is similar to the the proof of (27). By Turan's 
Theorem [4, Theorem 7.1.1], the maximum number of edges in a triangle- free graph with 
26-1-1 vertices is reached by the complete bipartite graph Xj^fi+i which has (6 -|- 1)6 edges. 
Therefore F7 has at most (6 + 1)6 edges. Since 2^ has (^''+^) = (26 + 1)6 2-sets, it follows 
that F has at least (26 + 1)6 - {b+ 1)6 = 6^ 2-sets. Therefore (28) holds. 

It is now a simple exercise, for instance, to check that the minimal representations of 
U3^Q correspond (up to permutation of vertices) to the graphs 



12 3 12 




and to Fi, F2, F3 G FISFl {E, H) given respectively by 
Fi = {E, 12, 13, 23, 45, 46, 56, 1, 2, 3, 4, 5, 6, 0}; 
F2 = {E, 12, 34, 35, 36, 45, 46, 56, 1, 3, 4, 5, 6, 0}; 

F3 = {E, 23, 24, 25, 26, 34, 35, 36, 45, 46, 56, 2, 3, 4, 5, 6, 0}; 
F4 = {E, 13, 14, 16, 24, 25, 35, 36, 46, 1, 2, 3, 4, 5, 6, 0}. 
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The corresponding lattices are now 




The non minimal sji representations of can be easily computed. In fact, it is easy 
to see that if (A) holds, then by adding an edge u — v to the graph F7 we get a graph 
of diameter 2 and still girth > 3. The converse is not true, but a brief analysis of all the 
possible removals of one edge from a minimal case graph to reach (A) gives us all such sji 
representations. 
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Those of type (B) are obtained by adding the seventh point to the minimal representation 
given by i^i^s (the other types aheady have the seven points or are exchided by (26). 
Therefore the graphs corresponding to the sji representations of type (A) are 



12 3 12 




obtained by removing an edge from K^^^ and -fC2,4, respectively. Adding the case (B) 
representation, we obtain types 

= {E, 12, 13, 23, 34, 45, 46, 56, 1, 2, 3, 4, 5, 6, 0}; 

Fq = {E, 12, 23, 34, 35, 36, 45, 46, 56, 1, 3, 4, 5, 6, 0}; 

F7 = {E, 23, 24, 25, 26, 34, 35, 36, 45, 46, 56, 1, 2, 3, 4, 5, 6, 0}. 

The corresponding lattices are 
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It is easy to count 20 + 15 + 6 + 180 = 221 minimal lattice representations for U^fi only 
(but they reduce to 1 + 1 + 1 + 1= 4 in the alternative counting of Remark 6.7)! The sji's 
(including the minimal cases) amount to 221 + 180 + 120 + 6 = 527 and 4 + 1 + 1 + 1 = 7 
in both countings. Note also that mindegC/3,6 = 6 by (27). 

Note that the lattices in the examples in which E C F, after removal of the top and 
bottom elements, are essentially the Levi graphs of the graphs F7. The Levi graph of F7 
can be obtained by introducing a new vertex at the midpoint of every edge (breaking thus 
the original edge into two), and the connection to the lattice is established by considering 
that each of the new vertices lies above its two adjacent neighbours. 

Note also that famous graphs of girth > 3 and diameter 2 such as the Petersen graph [21] 
turn out to encode minimal respresentations via the function 7 (in J/s^io, since the Petersen 
graph has 10 vertices). 

9 Additions 

This section contains results which are relevant to the theory but were not needed for the 
main sections. 

9.1 Rank functions 

Let {E, H) be a hereditary collection. The rank function rij : 2^ ^ INT is defined by 

Xrn = max{|/| ■.Ie2^nH}. 
Given a function / : 2^ — )■ IN, consider the following axioms for all X,Y C. E: 
(Al) XCY Xf<Yf; 
(A2) 3ICX :\I\=If = Xf; 
{A3) [Xf =\X\ A Y C X) Yf = \Y\. 

It is easy to see that the three axioms are independent. 

Proposition 9.1 Given a function / : 2^ — >■ IN, the following conditions are equivalent: 

(i) f = vh for some hereditary collection {E,H); 

(ii) f satisfies axioms (A1)-(A3). 

Proof, (i) =^ (ii). It follows immediately from the equivalence 

XrH = \X\^ X eH. 

(ii) ^ (i). hel H = {I <Z E : If = \I\}. By (A3), H is closed under taking subsets. 
Taking X = in (A2), we get 0/ = 0, hence G and so {E, H) is a hereditary collection. 
Now, for every X G E, wc have 

XrH = max{|/| : I e 2^ n H} = max{|/| : I C X, If = \I\}. 

By (A2), we get Xrn > Xf, and Xrn < Xf follows from (Al). Hence f = rn SiS required. 

□ 
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We collect next some elementary properties of rank functions: 
Proposition 9.2 Let {E, H) be a hereditary collection and let X,Y C E. Then: 

(i) Xrn < \X\; 

(ii) Xth + Yth >{XU Y)rH; 

(Hi) Xrn + Yth ^ {X U Y)rH + {X n Y)rH if some independent subset of maximum size 
of X r\Y can be extended to some independent subset of maximum size of X U Y ; 

(iv) Xrn + Yrn > U Y)rH + {X n Y)rH if {E, H) is a matroid. 
Proof, (i) By (A2). 

(ii) Assume that {X U Y)rH = \I\ with I G 2^^^ n H. Then I n X, / n y € -ff and so 

{X u Y)rH = \i\ < |/ n x| + |i n y| < Xth + Yth- 

(iii) We may assume that {X U Y)rH = \I\ and {X n Y)rH = |/ n X n y|. It follows 
that {X U Y)rH + (X n Y)rH = |/| + |/ n X n y| = |/ n X| + |/ n y| < Xru + Yrn- 

(iv) This is well known, but we can include a short deduction from (iii). 

Let K C. L C. E, and assume that J is an independent subset of maximum size of K. 
Let J' be a maximal independent subset of L containing J. If {E, H) is a matroid, it follows 
from the exchange property that | J'| = Lrn- Now we apply part (iii) to K = X CiY and 
L = XUY. □ 

Proposition 9.3 Let {E,H) be a hereditary collection of rank r. 

(i) IfX,Ye Fl{E,H) and Xvh = Yrn, then 

X CY ^ X = Y. 

(ii) E is the unique fiat of rank r. 

Proof, (i) Let X,Y e F\{E,H). Assume that X <Z Y and \ct I C X satisfy I e H and 
\I\ = Xrn = Yrn- lipeY\X, then X closed yields I U {p} £ H and Yrn > \I\ = Xrn, 
a contradiction. Therefore X = Y and (i) holds, 
(ii) By part (i). □ 

It follows that the flats of rank r — 1 are maximal in Fl (E,H) \ {E}. Such flats are 
called hyperplanes. 

The following result relates the rank function with the closure operator CI induced by 

a (simple) hereditary collection. 

Proposition 9.4 Let {E, H) be a simple hereditary collection admitting a boolean repre- 
sentation and let X C E. Write L = Fl{E,H). Then Xrn is the maximum k such that 
(15) holds for some xi,...,Xk G X, and the maximum k such that (14) holds for some 
xi, . . . ,Xk e X . 

Proof. The first equality follows from Proposition 7.2 and the definition of rn- The second 
follows from Theorem 5.8 and Lemma 7.1(ii). □ 
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9.2 Paving hereditary collections 

A hereditary collection of rank r > 2 is said to be paving if it has no circuits of size < r (or 
equivalently, of rank less than r — 1). 

Lemma 9.5 Let {E, H) he a hereditary collection of rank r > 2. Then the following con- 
ditions are equivalent: 

(i) {E,H) is paving; 

(ii) Pr-i{E) C H; 

(ill) Pr-2{E) C Y\{E,H). 

Proof, (i) =^ (ii). Since every dependent subset of {E,H) must contain a circuit, 
(ii) (i). Trivial. 

(ii) ^ (iii). By Proposition 5.2(ii). 

(iii) =^ (i). Suppose that C is a circuit of rank < r and let x £ C. Then |C\{x}| < r — 2, 
hence C \ {x} is closed and C \ {x} G H yields C G H, a contradiction. Thus {E, H) is 
paving. □ 

Next we provide a simple characterization of boolean representable paving hereditary 

collections: 

Proposition 9.6 Let {E,H) be a paving hereditary collection of rank r. Then the following 
conditions are equivalent: 

(i) {E,H) is boolean representable; 

(ii) yX eH \X\=r^3xeX :x^ Cl{X \ {x}); 

(iii) yX eH \X\=r^3xeX: Cl{X \ {x}) ^ E. 

Proof, (i) ^ (ii). By Proposition 7.2. 

(ii) =^ (iii). Immediate. 

(iii) =^ (i). By Theorem 7.3, it suffices to show that every X £ H admits an enumeration 
xi, . . . ,Xk such that 

Cl(xi, ...,Xk)D Cl{x2, . . . , Xjt) D . . . D Cl{xk). 

By condition (iii) in Lemma 9.5, this condition is satisfied if \X\ < r. Hence we may assume 
that |X| = r and we only need to show that there exists some enumeration xi, . . . ,Xr of X 
such that 

C\X D Cl(X\{xi}) D {xs,...,Xr} D ... D {Xr}. 
Since CIX = by Proposition 5.3, condition (iii) yields the required inclusion. □ 

In connection with Proposition 9.6, we can mention several equivalent characterizations 

of matroids among paving hereditary collections: 

Proposition 9.7 Let {E, H) he a paving hereditary collection of rank r. Then the following 
conditions are equivalent: 

40 



(i) {E,H) is a matroid; 



(ii) every (r — l)-subset of E is contained in a unique hyperplane; 
(Hi) if X is an (r — 1) -subset of E, then C\X ^ E. 

Proof, (i) ^ (ii). By [13, Proposition 2.1.21]. 

(ii) =^ (iii). Immediate. 

(iii) ^ (i). First, note that {E,H) is boolean representable by Proposition 9.6. Let 
I,JeH with |/| = I J| + 1. We must show that J U {i} G H for some i e I \ J. Since 
Pr-i{E) ^ H hy Lemma 9.5, we may assume that \ J\ = r — 1. Since CIJ^E and C\I = E 
by Proposition 5.3, we get / g CIJ. Take i G /\C1 J. Since Pr-2{E) C Fl {E, H) by Lemma 
9.5 and CIJ C Cl( J U {i}), it follows from Proposition 7.2 that J U {z} G H. Therefore 
{E, H) is a matroid. □ 

Note that [E^ H) being boolean representable and all its bases having rank r does not 
imply that [E, H) is a matroid, a counterexample being provided hy E = 6 and H = 
Pi{E) \ {2456, 3456}. 

9.3 Boolean operations 

Boolean representability behaves badly with respect to intersection and union, as we show 
next. 

First, wc recall a well-known fact: every hereditary collection {E, H) is the intersection 
of matroids on E, namely the intersection of the matroids Mx over all circuits X of (E, H), 
where Mx is the matroid consisting of all subsets of E not containing X [13]. Since all simple 
matroids are boolean representable by Theorem 7.6, it follows that all simple hereditary 
collections are the intersection of boolean representable hereditary collections. Therefore 
boolean representable hereditary collections are not closed under intersection. 

Example 9.8 Let E = 6 and Ji = P^{E) \ {123,125,135,235,146,246,346,456}, J2 = 
P2{E) U {123, 124, 125, 126}. Then {E, Ji) and {E, J2) are both boolean representable hered- 
itary collections, hut {E, Ji U J2) is not. 

It is easy to check that 1235 G Fl(£', Ji). Since \xyz n 1235| = 2 for every xyz G Ji, 
it follows from Proposition 9.6 that (E, Ji) is boolean representable. Similarly, since 12 G 
Fl (E, J2), we show that that (E, J2) is boolean representable. 

Now JiU J2 = P3(£^)\{135, 235, 146, 246, 346, 456} and it is straightforward to check that 
CI 13 = CI 15 = CI 35 = 1235. By Proposition 9.6, {E, Ji U J2) is not boolean representable. 

However, closure under union can be satisfied in particular circumstances: 

Proposition 9.9 Let {E, Hi), [E, H2) he simple boolean representable hereditary collections 
of rank 3. If 

X e¥\{E,Hi)\{E} ^\X\<^ (29) 
holds for i = 1,2, then {E, Hi U H2) is boolean representable. 

Proof. For i = 1, 2, write = Fl {E, Hi) and let = {X G : \X\ = 3}. We define also 
the set of potential lines 

= {X C F : |X| = 3 and |X n y| < 1 for every F G \ {E}}. 
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It is easy to see that HiCi Pi = 0. Indeed, suppose that xyz G i^j n Pi. Since {E, Hi), we 
may apply Proposition 9.6 and assume, without loss of generality, that there exists some 

Y & Fi \ {E} containing xy. This contradicts xyz G Pi, hence Hid Pi = 0. 

Let F = Fl {E, Hi U H2) and define 

w = {Lin L2) u (Li n P2) u (Pi n L2); 

W = {X ^ E ■\X\=2 &nd XiJ {q} ^ (Li U Pi) n (L2 U P2) for every q G E}. 
We claim that 

U VF' C P. (30) 

Let xyz G W . We may assume that xyz G Pi. Suppose first that xyz G P2. If / ^ xyz, 
/ G -ff 1 U i?2 and p ^ xyz, then I G Hi for some i and so xyz G Pj yields / U {p} & Hi C 
Hi U H2 as required. 

Hence we may assume that xyz G P2. Let / C xyz and p ^ xyz. If I £ Hi, all is similar 
to the preceding case, hence we assume that I G H2 \ Hi. Since P2 H P2 = 0, wc have 
|/| < 2 and so / G Hi. li p ^ xyz. It follows from xyz G Pi that I \J {p} £ Hi C HiU H2. 
Thus W CF. 

Assume now that xy G W . Let z ^ xy. It sufhces to show that xyz G HiU H2. Since 
xy G W , we have xyz ^ LiL) Pi for some i. Thus jxyz n y| = 2 for some Y G Fi \ {E}, and 

Y closed yields xyz & Hi C HiU H2 as required. Therefore xy & F and (30) holds. 

Now let CIX (respectively CliX) denote the closure of X C P in (P, Hi U H2) (respec- 
tively (P, Hi)). Let xyz G HiU H2. By Proposition 9.6, we must show that CI (xy) 7^ P or 
CI (xz) / P or CI (yz) / P. We may assume that xyz e Hi. By Proposition 9.6, we may 
assume also that Cli(xy) 7^ P. 

Since xy G W implies xy G P by (30), we have that xyq G (Pi U Pi) fl (P2 U P2) for 
some q E E. If xyq € W Q F, we immediately get CI (xy) 7^ P. It remains to consider the 
case xyq G Pi fl P2. Since |xyg n Cli(xy)| > 2 and Cli(xy) 7^ P, we reach a contradiction. 
Thus CI (xy) 7^ P and (P, i?i U H2) is boolean representable. □ 

9.4 Truncation 

Given a hereditary collection (P, if) and /c > 0, the k-truncation of (P, iJ) is the hereditary 
collection (P, Hk) defined by P^ = {X C P : |X| < k}. 

Proposition 9.10 Let {E,H) he a hereditary collection and let k>0. Then: 
{%) Fl {E,Hk) C F1(P,P-); 

(ii) If X C E, then X G Fl (P, H^) if and only if X e Fl (P, H) and X does not contain 
a basis of H^. 

Proof. It suffices to prove (ii). Let X C E. Assume first that X G Fl{E,Hk). By 
Proposition 5.3, X does not contain a basis of (P, H^). Let p £ E \ X and let I C X be 
such that I e H. Since I is not a basis of {E,Hk), we have \I\ < k and so / G H^. Now 
X G Fl (P, Hk) yields 7 U {p} G Fj. C P". Therefore X G Fl (P, P"). 

Conversely, assume that X G Fl (P, P) and X docs not contain a basis of (P, Pfc)- Let 
^> G P \ X and let / C X be such that / G Pfc. Since P^ C P and X G Fl (P, H), we get 
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/ U {p} G H. But / is not a basis of {E,Hj^), hence |/| < A; and so / U {p} G Hj^. Thus 
X G Fl (E, Hk) as required. □ 

The next example shows that boolean representability is not preserved under truncation, 
even in the simple case. 

Example 9.11 Let E = 6 and let H he the hereditary collection defined by H = {P-i{E) \ 
{135, 235, 146, 246, 346, 456})U{1234, 1236, 1245, 1256}. Then {E, H) is boolean representable, 
but {E, H^) is not. 

It is easy to check that Pi{E) U {12, 1235} C FI {E, H). By Theorem 7.3, to show that 
(£', H) is boolean representable it suffices to show that every X G H admits an enumeration 
xi, . . . ,Xk satisfying (15). We may of course assume that \X\ > 2. Hence X cannot contain 
both 4 and 6. Since 1235 is closed, we may assume that X C 1235. Since we may assume 
that X is a 3-set, we are reduced to the cases X e {123, 125}. Now 1 C 12 C 1235 yields 
the desired chain of flats, and so {E, H) is boolean representable. 

On the other hand, is the collection Ji U J2 of Example 9.8, already proved not to 
be boolean representable. 

10 Appendix 

We gather here several results which, although not essential for obtaining our main results, 
can help the interested reader to gain further insight into our approach and methods. 

10.1 Categoric alternatives 

We note that the category FL is isomorphic to some other categories that bring different 
viewpoints into our discussions. 

Recall that a structure {S, +, •, 0) is a semiring if: 

• {S, +, 0) is a commutative monoid; 

• (S*, •, 0) is a semigroup with zero 

• x{y + z) = xy + xz and {y + z)x = yx + zx for all x,y,z £ S. 

The semiring S is idempotent if x + x = x for every x € S. It is null if xy = for all x, y G S. 
Morphisms and modules over semirings are defined the obvious way (see [17, Chapter 9]). 
We introduce the following notation: 

FICM: the category of finite idempotent commutative monoids together with monoid 
morphisms; 

FINS: the category of finite idempotent null semirings together with semiring mor- 
phisms; 

FBM: the category of finite unitary right M-modules together with B-module mor- 
phisms. 

Proposition 10.1 The categories FL, FICM, FINS and FBM are isomorphic. 
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Proof. It is well known that the functor FL FICM defined by (L, <) (-^, V) and 
identity on arrows defines an isomorphism of categories. 

Clearly, the forgetful functor FINS FICM is also an isomorphism of categories. The 
same happens for the forgetful functor FBM — > FICM. Indeed, it is easy to see that each 
B-module is necessarily idempotent since a; = Ix = (1 + l)x = Ix + Ix = x + x holds for 
every x £ S. On the other hand, each finite idempotent commutative monoid (M, +,0) 
determines a unique B-module structure in M since we are forced to have Ix = x and 
Oa; = for every x G M, and the arrows turn out to be the same mappings. □ 

Now, for each category X € { FICM, FINS, FBM }, we define another category Xg 
by taking objects of the form [M,E), where M is an object of X and E C. M \ {0} a 
generating set for M. For arrows : {M,E) {M',E'), we require also Eip C E' (J {0}. 
With straightforward adaptations, Proposition 10.1 yields 

Corollary 10.2 The categories FLg, FICMg, FINSg and FBMg are isomorphic. 

The following result, stated for FL and ideals, which is after all our basic viewpoint in 
this paper, is inspired by standard concepts in semigroup theory [2], and therefore by the 
viewpoint FICM. We say that I C L is an ideal (or downset) if x < y G I implies a; G / for 
all x,y e L. There is an obvious dual version of the Rees quotient when we consider the 
dual notion of upset. 

Given {L,E) £ FLg and an ideal / of L, the Rees quotient L/I is the quotient of L by 
the congruence ~/ defined on L by 

X y if X = y OT x,y E I. 

The elements of L/I are the equivalence class B' = I (the bottom element) and the singular 
equivalence classes {x} (x G L\ I), which we identify with x. The partial ordering of L 
translates naturally to L/I. 

Proposition 10.3 Let L G FL and let I be an ideal of L \ {T}. Then L/I G FLg. 

Proof. Clearly, L/I inherits a naural A-semilattice structure, and then becomes a lattice 
with the determined join. □ 

It is also possible to import the notion of quotient submodule (see [17, Section 9.1]) from 
FBM to FL. Let 5" be a V-subsemilattice of a finite lattice L. We define a V-congruence 
=S on L by X =5 y if (x V s) = (y V s') for some s, s' G S. Then L/S denotes the quotient 
L/ =5. 

Given a finite lattice L, we say that ^ : L — >^ L is a closure operator if the following 
axioms hold for all x,y G L: 

(CI) X < x^; 

(C2) x<y ^ xi<y^- 

(C3) xe = (xoe 

The next proposition summarizes some of the properties of closure operators (see [6, 
Subsection 1.3.12]): 
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Proposition 10.4 Let L be a lattice, let ^ : L ^ L be a closure operator and let S be a 
A-subsemilattice of L. Then: 

(i) {x V y)^ = {x^ V yO^ for all x,y e L. 

(ii) LS, is a A-subsemilattice of L and constitutes a lattice under the determined join 

(Hi) S induces a closure operator ^5 : L — >■ L defined by x^s = A{y £ S \ y > x}. 
(iv) ^L£, = ^ o,nd L^s = S. 

Next we associate closure operators and V-congruences, making explicit a construction 
suggested in [17, Theorem 6.3.7]. 

Proposition 10.5 Let L be a lattice, let ^ : L ^ L be a closure operator and let p be a 
M -congruence on L. Then: 

(i) Ker^ is a y -congruence on L. 

(ii) p induces a closure operator r]p : L ^ L defined by xrjp = \/{xp) = max(a;p). 
(Hi) ??^g^^ = ^ and Kerrjp = p. 

Proof, (i) Clearly, Ker^ is an equivalence relation. Hence we must show that x^ = y^ 
implies (xVz)e = {yV z)^ fov all x,y, z e L. Now (xVz)^ = (x^VzOC = (y^Vz^^ = (yVz)^ 
by Proposition 10.4(i). 

(ii) Axioms (CI) and (C3) follow immediately from x & xp and xrjpp = xp. 
Assume that x <y in L. Then y = {x\J y), hence 

yp= {xy y)p = {xp V yp) = {xrjpp V yp) = {xr]p V y)p 

and so xr]p < {xrjp V y) < yrjp and (C2) holds as well. 

(iii) Let x, y G L. Suppose that y^ = x^. By (CI), we get y < y^ = x$, and so 
^^Ker^ ~ max (a;(Ker ^)) = x^. Thus VKer£, ~ ^• 

On the other hand, 

{x, y) G Ker rjp xrjp = yrjp max {xp) = max {yp) -i?^ (x, y) G p, 
therefore Ker rfp = p. □ 

Since V-congruences are nothing but kernels of V-maps, Proposition 10.5 establishes a 
correspondence between kernels of V-maps and closure operators. 

We can combine Propositions 10.4 and 10.5 with the representation of lattices by flats. 
Given {L,E) G FLg, let ISF1(L,£;) denote the set of all A-subsemilattices of Fl {L,E), 
equivalently described as subsets of Fl (L, E) closed under intersection. 

Theorem 10.6 Let {L,E) G FLg, let p be a V -congruence on L and let F G ISF1(L,E). 
Then: 

(i) Fp = {Zmaxixp) \ x e L} e ISFl {L,E). 

45 



(a) The relation pp on L defined by xppy if 



n{z eF\z^cz} = n{z eF\ZyCZ} 



is a W -congruence. 
(Hi) pFp = p and Fp^ = F. 

Proof. We combine the correspondences in Propositions 10.4 and 10.5 with the lattice 

isomorphism (p : {L,<) — > (F\{L,E),C) : x ^ Z^ from Proposition 3.3. Note that a A- 
subsemilattice of L corresponds to a subset of Fl (L, E) closed under intersection. Thus we 
only have to check that the three correspondences mentioned above yield the claimed ones. 

Starting from p, we get r/p and Lr/p by Propositions 10.5 and 10.4, respectively, and then 
{Zm I m e Lr]p} = Fp by applying if. 

Starting from F, application of ip^^ gives us Fip~^. Then Propositions 10.4 and 10.5 
give us successively ^p^-i and Ker^^^-i. Now, for all x,y e L, we get 



and we are done. □ 

10.2 Decomposing V-maps 

Once again, we import to the context of finite lattices a concept originated in semigroup 
theory. Following [17, Section 5.2], we call an onto V-map a V-surmorphism and say that 
a V-surmorphism : L — >■ L' is a maximal proper W-surmorphism (MPS) of lattices if 
Ker (p is a minimal nontrivial V-congruence on L. This amounts to saying that cp cannot be 
factorized as the composition of two proper V-surmorphisms. 

Given a,b & L, let pa,b denote the equivalence relation on L defined by 



Proposition 10.7 Let ip : L L' be a "V-surmorphism of lattices. Then: 
(i) If ip is not one-to-one, then p factorizes as a composition of MPSs. 

(a) If a covers h and b is smi, then pa^b is a minimal nontrivial V-congruence on L. 
(Hi) ip is an MPS if and only if Kerp> = pa,b for some a,b E L such that a covers b and b 



Proof, (i) Since L is finite, there exists a minimal nontrivial V-congruence pi C Ker (p and 
we can factor cp as a composition L L/pi ^ L'. Now we apply the same argument to 
L/pi — >■ L' and successively. 

(ii) Let X £ L. We must prove that (x V o, x V 6) £ pa^b- Since b is smi, a is the unique 
element of L covering b. Hence either (x V 6) = 6 or (x V 6) > a. In the first case, we get 



a^^Ff^-i = y^F^-^ ^ A{p £ Fp ^ \p>x} = A{p £ Fp ^ \ p > y} 

^ r\{z e F \ z D z^} = n{z g F \ z d Zy} 
<^xpFy 




IS smi. 
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X <b and so (x V a) = a; in the latter case, we get (x V 6) = (x V (x V 6)) > (x V a) > (x V 6) 
and so (xVb) = (xVa). Hence (xVa,xV6) G /9a,6 and so pa,b is a (nontrivial) V-congruence 
on L. Minimality is obvious. 

(iii) Assume that (f is an MPS and let a G L be maximal among the elements of L which 
belong to a nonsingular Ker ip class. Then there exists some x G {a} such that x(f = aip. 
It follows that {x\/ a)ip = {x(p V aip) = aip and so by maximality of a we get (x V a) = a and 
so X < a. Then there exists some h> x such that a covers h. Since every V-map preserves 
order, we get aip = xip < bip < aip and so aip = bip. 

Suppose that b is not smi. Then b is covered by some other element c ^ a, hence 
b = {a Ac) and a,c < (a V c). It follows that (a V c)p = (ap V cp) = (bip V ap) = ap. Since 
c / (a V c) and a < (a V c), this contradicts the maximality of a. Thus b is smi. Since 
Pa,b ^ Ker(/?, it follows from (ii) that Keiip = Pa^b- 

The converse implication is immediate. □ 

We prove next the dual of Proposition 10.7 for injective V-maps. We say that a V-map 
p : L L' is a maximal proper injective \/-map (MPI) of lattices if (p is injective and Lip is a 
maximal proper V-subscmilatticc of L' . This amounts to saying that p cannot be factorized 
as the composition of two proper injective V-maps. 

Proposition 10.8 Let p : L ^ L' be an injective M-map of lattices. Then: 

(i) If ip is not onto, then ip factorizes as a composition of MPIs. 

(ii) If a E L' \ {B} is sji, then the inclusion t : L' \ {a} — >■ L' is an MPI of lattices. 

(Hi) ip is an MPI if and only if Lp = L' \ {a} for some sji a € L \ {B}. 

Proof, (i) Immediate since L' is finite and each proper injective V-map increases the number 
of elements. 

(ii) Let x,y e L' \ {a}. Since a is sji, the join of x and y in L' is also the join of x and 
y in L' \ {a}. Hence L' \ {a} is a V-scmilattice and therefore a lattice with the determined 
meet. Since (xi V yc) = (x V y) = (x V then t is a V-map. Since \L' \ Im <,| = 1, it must 
be an MPI. 

(iii) Assume that ip is an MPI. Let a be a minimal element of L' \ Lip. We claim that 
a is an sji in L'. Otherwise, by minimality of a, wc would have a = {xp V yp) for some 
x,y & L. Since p is a V-map, this would imply a = (x V y)p, contradicting a £ L' \ Lip. 

Thus a is an sji in L' and we can factor </? : L — >■ L' as the composition olp : L ^ L'\{a} 
with the inclusion l : L'\ {a} — >■ L'. Since ip is an MPI, then ip : L ^ L'\ {a} must be onto 
as required. 

The converse implication is immediate. □ 

Theorem 10.9 Let ip : L L' be a M-map of lattices. Then ip factorizes as a composition 
of MPSs followed by a composition of MPIs. 

Proof. In view of Propositions 10.7 and 10.8, it suffices to note that ip can always be 

factorized as p = pip2 with pi a V-surmorphism and p2 an injective V-map. This can be 
easily achieved taking p\ : L ^ Lp defined like ip, and ip2 ■ Lp L' to be the inclusion. □ 
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We can produce a partial version of this result for the category FLg: 

Corollary 10.10 Let (p : {L,E) — > {L',E') be a \J -surmorphism in FLg. Then the decom- 
position of If as a composition of MPSs constitutes a composition of maps in FLg. 

Proof. Clearly, the V-generating set E has a canonical correspondent Epa,b in the con- 
struction L/ pa^bi aiid the restriction ip\EE E' U {B} factors adequately if if is onto. 
□ 

The analogous result fails for injective V-maps. For instance, it is easy to see that the 
chain of inclusions 

T T T T 

B ^ a ^ a ^ a 




B B 



can induce no chain of inclusions between V-generating sets when we consider E = {T} and 
E' = {T,b,c}. 

10.3 Geometry 

Let P be a finite nonempty set and let £ be a nonempty subset of 2^. We shall always 
assume that P fl 2^ = 0. We say that (P, C) is a partial euclidean geometry (abbreviated 
to PEG) if the following axioms are satisfied: 

(Gl) if L,L' are distinct, then |L n L'\ < 1; 

(G2) \L\ > 2 for every L e £. 

The elements of P are called points and the elements of C are called lines. Given p G P, we 
denote by C{p) the set of all lines containing p. 

The concept of PEG is an abstract combinatorial generalization of the following geo- 
metric situation: 

Consider a finite set of lines £, in the euclidean space W^. Consider also a finite subset 
P of U>C C such that: 

• if L, L' G £ and LnL' = {p}, then p G P; 

• |L n P| > 2 for every L£ C. 

Representing each L G Chy LnP, it follows that {C, P) constitutes a PEG. It is well known 
that not all PEG's can be represented over an euclidean space (nor any field) (see [3] and 
[7, Section 2.6]). 
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In view of Proposition 4.1, if ht L = 2, the subsets of L \ {B} with at most two elements 
are the only c-independent subsets of L. What about the case ht L = 3? This is the 
starting point for a digression into some interesting connections between c-independence 
and geometry. 

Given a lattice L and £ e L = L \ {T, B}, we define 

h = £inL. 

If (L, E) € FLg, we define 

Lin (L, E) = {eLnE -.ee L, \h C^E\> 2}, 

Pt (L, E) = E, Geo (L, E) = (Pt (L, E), Lin (L, E)). 

Theorem 10.11 Let {L,E) G FLg with htL = 3. Then Geo {L,E) is a PEG. 

Proof. Axiom (G2) holds trivially, it remains (Gl) to be checked. Let k,£ & L he such 
that \kLn£LnE\>2. We must show that k = £. 

Suppose that k ^ £. Without loss of generality, we may assume that k > {k A £). On 
the other hand, if ei, 62 are distinct elements of ktCi £ir\ E, then we have ei, 62 < {k /\ £) 
and we may assume that ei < {k f\£). Thus we obtain a chain 

B <ei<{kM) <k <T 

in C, contradicting ht L = 3. Therefore k = £ and we are done. □ 

Next we associate a matroid to every lattice L of heigth 3: we define Mato-Z^ to contain: 

• all the i-subsets of L \ {B} for z < 2; 

• all the 3-subsets X oi L\ {B} such that VX = T. 

Note that the latter condition is equivalent to saying that X £i for every £ & L. Finally, 
write MatL = (L \ {B},Mato-L). 

Theorem 10.12 Let L be a lattice of height 3. Then MatL is a matroid. 

Proof. It is immediate that Matoi^ is a hereditary collection. Let {x, y} be a 2-subset of 
L \ {B} and let {£1, ^2, 4} be a 3-subset of L \ {B} satisfying {£1 V £2 V 4) = T. We must 
show that (x V y V 4) = T for some z G 3. Suppose not. Then {xM y\/ £i) = ki < T for 
every i G 3. 

Suppose first that k\ = k2 = k^. Then £i < k\ < T for i = 1,2,3, contradicting 
{£1 V £2 V ^3) = T. Hence we have {ki A ^2 A k^) < kj for some j G 3. Since x,y < ki for 
i = 1,2,3, we get x,y < {ki A k2 A k^). Since x and y are distinct, we may assume that 
X < {ki A k2 A k^) and so we get a chain in L of the form 

B < X < {ki Ak2 Aka) < kj < T, 

contradicting ht L = 3. Hence {x\J y\J £i) =T for some i G 3 and so {x, y, £i} G Mat L. It 
follows that Mato-Z^ is a matroid. □ 
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Next we use Mat L to characterize the c-independent subsets of L. To do so, we introduce 
one more concept: a 3-subset X C L\{B} is caUed a potential line (of GeoL) if |Xn^i| < 1 
for every i ^ L. This is equivalent to saying that (x V y) = T for any distinct x,y £ X. 

Theorem 10.13 Let L be a lattice of height 3 and let X C L\ {B}. Then the following 
conditions are equivalent: 

(i) X is c-independent; 

(a) X G MatoL and is not a potential line; 

(Hi) \X\ <2 or (\X\ = 3, VX = r and {xy y) <T for some distinct x,y eX). 

Proof, (i) ^ (ii) Suppose that X is c-independent. We may assume that \X\ = 3. By 
Proposition 4.2, we may write X = {x, y, z} to get a chain {xV y V z) > (xV y) > x > 0. 
Since ht L = 3, it follows that VX = T and so X G Mato-L. Since {x\/ y) < T, X is not a 
potential line. 

(ii) ^ (iii). Immediate. 

(iii) =^ (i). The case |X| = 2 following from Proposition 4.3, assume that |X| = 3, 
VX = T and x y y < T for some distinct x,y € X. Since x ^ y, we may assume that 
(xVy) > x and so we get a chain yX > (y Vx) > x. By Proposition 4.2, X is c-independent. 
□ 

Next we associate a V-generated lattice of height 3 to every PEG G = {P, C) with at 
least two lines: let Lat Q = P \J C\J {B , where x < y if and only if 

x = B or y = T or (x G P and y £ C and x G y) . 

It is immediate that Lat^ is a lattice of height 3. Moreover, \i W = {pi, . . . G £, 
then = (pi V . . . V pk)-, and we can also get the top T as the join of two lines. Thus 
(Lata,P) G FLg. 

Proposition 10.14 Let G = {P,C) with \C\ > 2. Then Geo (Lat g,P) = Q. 

Proof. It follows from the definitions that iGeo(Lat^,P) is of the form {P,C'). If p G P, 
then PL = {p} in Lat G. If W = {pi, . . . ,pk} G C, then Wi = {W,pi, . . . ,Pk}- Thus, by 
definition of the construction Geo , the elements of C are of the form Wt fl P for G £. 
Since Wl^P = W,we get C = C and so Geo (Lat G, P) = g. □ 

We say that ^ G Fl (L, E) is a hyperplane of (L, E) if h is maximal in Fl (L, E) \ {E}. 
For height 4, we can prove the following result: 

Proposition 10.15 Let {L,E) G FLg have height 4 and let X be a 4-subset of E. Then 
the following conditions are equivalent: 

(i) X is c-independent; 

(ii) every 3-subset of X is c-independent and \X rih\ = S for some hyperplane h of L. 
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Proof, (i) =^ (ii). The first claim follows from c-independent sets being closed under 
inclusion. On the other hand, by Proposition 4.2, X admits an enumeration xi,X2,X3,Xi 
such that 

CIlX D CIl{x2,X3,X4) D ClL(a;3,X4) D ClL(a:4) D 0. 

Let h = CIl{x2,X3,X4). Since htFl(L,£^) = htL = 4 by Proposition 3.3, it follows that h 
is a hyperplane of (L, E). Clearly, xi ^ C1l(x2, xs, X4) and so \X nh\ = 3. 

(ii) =^ (i). Write X\h = {xi}. Since XDh is c-independent, it follows from Proposition 
4.4 that X nh admits an enumeration X2, X3, X4 such that (x2 V X3 V a;4) > (X3 V X4) > X4. 
Since {x2iX^,X4] C h implies C\ l{x2-,x^,X4) C Ciiih) = h, we get xi ^ 01^(3^2) 3^3, X4) = 
Zx2\/X3\/X4 (by (6)) and so (xi V a;2 V 2:3 V 2:4) > {x2 V xa V X4). Thus X is c-independent by 
Proposition 4.2. □ 

We can generalize to higher dimensions the concept of PEG to get generalizations of 
some results obtained in the height 3 case, namely Proposition 10.14. For technical reasons, 
we include the full space of points as the highest dimension subspace, but it could as well 
be omitted. 

For m > 3, we say that (Pi, P2, • • • , Pm) is an m-PEG over a finite set E if: 
(Jl) Pi, ... , Pm are mutually disjoint subsets of 2^ and Pm = {E}', 
(J2) G Pi \p\ = 1; 
(J3) G {2, . . . , m} U Pj C UPi; 
(J4) Vi G {2, . . . ,m} Vp G Pi 3q G P^-i : q C p; 

(J5) Vz, J G {2, . . . ,m} & Pi^q & Pj, one of the following five conditions holds: 

(J5a) p n g = 0; 
(J5b) p n G Pj- for some r < 
(J5c) i < j and p (Z q; 
(J5d) i > j and p D q; 
(J5e) p = q. 

The 3-PEG case corresponds to our original concept of PEG, replacing each point p by 
{p} and adding the full subspace P. A natural example for the general case is given by 
a (finite) collection of affine subspaces of various ranks in an euclidean space of arbitrary 
dimension, where the subspaces are defined through collections of points from a finite set 
E. 

Two m-PEGs (Pi, P2, . . . , P™) (over E) and (Pi', P2, ■■■,Pm) (over E') are said to be 
isomorphic if there exists a bijection : E E' such that 

{ei, ...,ek}ePi^{e[,..., e'J G Pi 

holds for all z G m and ei, . . . , G -E. A particularly important case arises with the 
canonical bijections X ^ X, where X = {{x} \ x G X}. 
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Given a lattice L and £ E C, we define ht(£) to be the maximum length n of a chain 
i = io > ii > . . . > in in C. Obviously, ht L = ht(l). 

We recall now the notions of atom and atomic lattice. If we denote hy the set of 
atoms of L, then L is atomic if and only if (L,Ai^) G FLg. 

Given an atomic lattice L of height m, we define Geo (L, Al) = (Pi, . . . , P^) by 

Pi = {iinALie e L, ht{e) = i} {i = l,...,m). 

We claim that Geo (L, Aj^) is an m-PEG over Al- Axiom (Jl) follows from (3) and Tl = L, 
and (J2) is immediate. Since the elements of Pi are of the form {a} for a G Al, (J3) holds. 
Since every element of L of height i covers some clement of height i — (J4) follows. Finally, 
let k,£ & L have height i and j, respectively. Since {ki fl Al) fl {h fl Al) = {k A £)l fl Al, 
then (J5a) or ( J5b) hold if k A £ < k,£. Hence we are left with the cases k < £, k > £ and 
k = £ which give us respectively (J5c), (J5d) and (J5e) in view of (3). Thus Geo (L, Al) is 
an m-PEG over Al- 

Conversely, given an m-PEG Q = (Pi, . . . , Pm) over E, we define the poset Lato^ = 
{0} U Pi U . . . U Pm, ordered by inclusion. By (J5), Lato^ is closed under intersection and 
constitutes then a A-semilattice with bottom element and top element E. Hence Lato^ 
is a lattice with pV q = n{r G Lat Q \ pUq Cr} (note that E G Lato^). We claim that Pi 
is the set of atoms of LatoG. 

Indeed, it follows from (J4) that any atom is contained in Pi, and the converse is a 
consequence of (J2). Now, by (J2) and (J3), Lato^ is atomic and we can define Lat^ = 
(Latoa,Pi) GFLg. 

Theorem 10.16 Let Q he an m-PEG and let L he an atomic lattice. Then 

(i) Geo Lat a = Q; 

(ii) LatGeo(L,^L) ^ {L,Al). 

Proof, (i) Let Q = (Pi, . . . , Pm) be an m-PEG over E. We claim that 

pePi ^ ht{p) = i inhatg. (31) 

We use induction on i. The case i = 1 follows from (J2), hence we assume that p & Pi with 
i > 1 and (31) holds for i — 1. By (J4) and the induction hypothesis, we have ht(p) > i. 
Suppose that ht(p) > i. This would imply that there would exist distinct q,r E Pj for some 
j such that q C r, contradicting (J5). Hence ht(p) = i and (31) holds. 

Hence Lat Q is a lattice of height m with set of atoms Pi and we may write Geo Lat Q = 
{P{, . . . , Pm), an m-PEG over Pi C E. In view of (31), the elements of P/ are of the form 
PL n Pi for p G Pj. 

For all p ^ Pi and e E E, wc have {e} G pi in Lat Q if and only if {e} C p in if and 
only if e G J5, hence piH Pi = p and so e i— )■ e (e G -E) induces an isomorphism between Q 
and Geo Lat Q. 

(ii) Let L be an atomic lattice. Then the elements of LatoGeo (L, ^i) are of the form 
itn Al (note that = BlD Al), ordered by inclusion. By (3), ip : L ^ LatoGeo (L, Al) 
defined hy iip = £ir\ Al is an isomorphism of posets and therefore of lattices. Since the set 
of atoms of a lattice is uniquely determined, induces an isomorphism from {L.,Al) onto 
LatGeo(L, Al). □ 
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10.4 Strong maps 

The concept of strong map can be defined for lattices and for hereditary collections. We 
start discussing the lattice case. 

We say that a mapping : (L, E) {V ,E') of lattices is a strong map if 

\/Z G Fl (L', E') {Z U {B})^-'^ n £; G Fl (L, E). 

Now assume that is a V-map in FLg. In particular, E^p C E' U {0}. Given X Q E, write 
X = C\lX. Then ip induces a map p : Fl (L, E) Fl (L', by Zp = Zip\{B}. 

Proposition 10.17 Let ip : {L,E) {L',E') be a W-map in FLg. Then: 
(i) ip is a strong map; 

(a) p is a M-map and ep = ep)\ {B} for every e E E. 

Proof, (i) Let Z' e Fl {L',E'). Then Z' = Ze' = £' i nE' for some i' G L'. Assume that 
{Z' U {B})ip~^ = {xi, . . . , Xk}, and write ^ = (xi V . . . V x^). We claim that 

{Z' U {B})ip-^ nE = ZeeFl (L, E). (32) 

Indeed, let e G {Z'[j{B})ip~^nE. Then e = Xj for some i E k and so e < Thus e G Z^. 
Conversely, assume that e G Z^. Since C E, it suffices to show that e(p G Z'U{-B}. Since 
Ep C i?' U {i?}, all we need is to prove that ep < i' . Now e < i = {xi V ... V Xk) and (/9 
being a V-map yields ei^ < (xi V ... V Xfe)^? = {xip V ... V x^f/?). Since Xjf/^ & Z' U {B} and 
therefore Xjt^ < i' for every i, we get ep < £' as required. Thus (32) holds and so is a 
strong map. 

(ii) Let x,y e L. To show that ^ is a V-map, we need to show that {Z^ V Zy)'(p = 
{Zxp\/ Zylp), i.e. 

{Zr^ U Zy)p = Z^Tp U ZyP. 

Since Tp is order-preserving, we get ZxpUZyp C (Zx U Zy)^ and so Z^;^ U Zyp C (Z^ U Zy)p 
since (Z-^ U Z^)^ is closed. The inclusion 

{Zx U Zy)Jp C :^^U^. (33) 

remains to be proved. We have 

{Zx U Zy)ip = {Zx U Zy)p \ {B}. (34) 

Let Z = Zxp U Zyp G F1(L',£;'). Then Z^ U Z,y C (Z U {0})v?-^ By (i), we have {Z U 
{B})p-'^ n G Fl (L, E), hence ZxUZy C (Z U {S})(^-i and so (Z^JjZy)p \ {B} C Z. 
Since Z is closed, it follows that 

{Zx U Zy)lp C (^U^)^\{5} C Z, 

hence (33) holds and so ^ is a V-map. 

Let e & E. We must show that ep \ {B} = ep \ {B}. The opposite inclusion being 
immediate, we set Z = ep \ {B} G Fl {L' , E') and show that ep \ {B} C Z. 

Clearly, e G (Z U {B})p-^. By (i), (Z U {B})p-'^ is closed and so e C {Z\j{ B})p-^. 
Hence 699 C Z U {B} and so \ {B} C Z. Since Z is closed, we get ep \ {B} C Z as 
required. □ 
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The following examples show that a strong map is not necessarily a V-map, even if we 
assume injectivity or surjectivity: 

Example 10.18 Consider the inclusion l : {L,E) — t- {L\E') for the following lattices, 
where the elements of the \/ -generating sets are marked with an asterisk: 



T 




B B 



Then l is strong hut not a M-map. 

Indeed, since Fl (L, E) = 2^ , l is strong. Since {a\/ h)L = T ^ c = {aiM bi), t is not a 
V-map. 

Example 10.19 Consider the onto mapping (p : {L,E) {L',E') defined by 



T T 



c 




b* d* a = b* d* 




where the elements of the M -generating sets are marked with an asterisk. Then (p is strong 
but not a M-map. 

Indeed, wc have Fl (L, E) = 2^ \ {ad, bd}, but the inverse image of a flat from (L', E') 
contains a if and only if it contains b. Thus (p is strong. Since {aV b)ip = c ^ {aip V b(p), 
then (f is not a V-map. 

We discuss now the concepts of strong and weak maps for hereditary collections. Let 
{E,H), [E',H') be hereditary collections and let cp : E E' he a, mapping. We say that (f 
is a weak map (with respect to {E,H), {E',H')) if 

ip\x injective and Xip e H' X e H 

holds for every X C E. Assume now that {E,H), {E',H') are boolean representable. We 
say that ip is a strong map (with respect to {E, H), {E', H')) if 

X G Fl {E\ H') Xp>-^ G Fl (E, H) 

holds for every X C. E' . 
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Proposition 10.20 Let {E,H),{E',H') be boolean representable simple hereditary collec- 
tions and let <p : E E' be a strong map. Then ip is a weak map. 

Proof. Let X C. E and assume that (p\x is injective and Xcp G H' . By Proposition 7.2, 
and since ip\x is injective, X admits an enumeration xi, . . . ,Xk such that 

Cl{xi(p, Xk(p) D Cl(x2</?, . . . , Xk^p) D . . . D C\{xk(p). 

We claim that 

Cl(xi, ...,Xk)D C1(X2, . . . , Xjfc) D . . . D Cl{xk). (35) 

Indeed, suppose that Cl{xi, . . . , Xk) = Cl(xi+i, . . . , Xk) for some i G {1, . . . , — 1}. Then 
Xi e Cl(xi+i, . . . , Xk). Since {xj+i, . . . , Xk} C (Cl(xj_|_i(/?, . . . , Xk<f))<p~^ and the latter is 
closed since (/? is a strong map, we get Xi € Cl(xi+i, . . . , Xk) ^ (Cl(xi+i(/?, . . . , Xkf))'P~^ and 
so Xj(/? G Cl(xi_|_i<y9, . . . , Xk^), contradicting Cl(xi(^, • • • , Xk^) D Cl(xi+i(^, . . . , Xjki^). Hence 
Cl(xi, . . . ,Xfe) D Cl(xj+i, . . . ,Xfc) for every i and so (35) holds. Now Proposition 7.2 yields 
X e H and so is a weak map. □ 
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